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Abstract
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economy with many Lucas’ trees whose dividends are geometric Brown-
ian motions. Even though my analysis is based upon the representative-
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1 Introduction

For the most part of the theoretical continuous-time financial economics
literature, the workhorse has been some analogue of the model in Lucas [18].
In its purest form, it depicts a one-commodity, pure-exchange economy with
identical price-taking consumers, in which economic activity occurs over a
time-interval. The good is produced by distinct units whose productivity
fluctuates stochastically, their usual interpretation being that of Lucas trees.
Namely, a crop is growing stochastically on different trees via a production
process that is entirely exogenous: no resources are utilized and there is no
possibility of affecting the output of any tree at any time.

Even though commonly endowed with the generated filtration, the indi-
viduals cannot observe the actual productivity shocks. Instead, they moni-
tor the crop on the trees, whose magnitude plays the role of an information
process. In the basic model, the agents use this information to trade con-
tinuously and frictionlessly a given set of perfectly divisible securities. This
consists of one security, in positive net supply, for each productive unit rep-
resenting one equity share (termed “stock”) in that tree. There is also a
promissory note (termed “bond”), in zero net supply, paying one unit of the
good with certainty.

In the equilibrium of this economy, the price of the typical security is
the current expectation of its future dividends valued at the representative
agent’s marginal rate of substitution between consumption at the dividend-
collection date and the present. Derivations have been provided by a number
of seminal papers and for different versions of the model (see the next section
for more details), which have been then used extensively in the literature to
price other financial assets, such as derivative securities, and to identify the
optimal consumption and portfolio policies. Yet, what has not been thus far
determined (at least not to a satisfactory degree of generality with respect
to the economic primitives) is under what conditions the dynamics of the
equilibrium price processes with respect to the underlying stochastic process
allow the securities’ market to be dynamically complete.

As a property of the underlying securities’ market, dynamic completeness



has had a crucial role in the continuous-time finance literature. It features,
within the vast majority of the pertinent papers, as a central assumption for
proving the existence of the equilibrium pricing process itself. Building upon
seminal works (see Harrison and Kreps [14], Duffie and Huang [10], Duffie
[9], Mas Collel [19] or Mas Collel and Richard [20] among others), the usual
way of obtaining financial equilibria in continuous-time economies has been
to compute an Arrow-Debreu equilibrium and use the associated consump-
tion process as a pricing kernel in order to construct candidate equilibrium
pricing processes for the traded securities. Yet, to ensure that the Arrow-
Debreu equilibrium allocation is indeed implementable by dynamically (and
sufficiently rapidly) trading the given set of securities, their market needs
to be dynamically complete. And this is nearly always impossible to verify
since the candidate pricing processes are either not given in closed form or
presented as conditional expectations.

Of course, this role of dynamic completeness is a matter of choice re-
garding the strategy of proof, and one that is not binding when it comes
to establishing existence of equilibrium in representative agent economies.!
Yet, as a matter of economics, dynamic completeness is fundamental for the
justification of the representative agent herself and for using her equilibrium
pricing kernel to price financial assets that are not amongst the primitives
of the model. If the pricing process of the underlying securities is dynami-
cally complete, then options and other derivative securities can be uniquely
priced by arbitrage arguments and replicated by trading the underlying se-
curities. In the absence of dynamic completeness, however, this is no longer
the case; arbitrage considerations do not suffice to determine unique option
prices and replication is not possible.

Given a financial environment, therefore, it is important to be able to as-
sociate dynamic completeness with at least some of the economic primitives
in a manner that remains unambiguously verifiable and holds generically

across the space of these primitives. Restricting attention to the case in

n fact, Raimondo [25] as well as Anderson and Raimondo [2] establish existence of
equilibrium in a representative agent economy without having to assume even potential
dynamic completeness.



which the typical component of the production process follows a geometric
Brownian motion, this is precisely the contribution of the present paper with
respect to the securities’ market and the economy described above.

In this economy, when the securities’ market is potentially dynamically
complete, it is in fact dynamically complete if and only if the dispersion ma-
trix (the matrix of factor loadings) of the Brownian process is nonsingular
(Theorem 1). Even though rather widely asserted in the relevant literature,
this claim has not been shown explicitly before. More importantly perhaps,
it is universal with respect to the specification of the representative agent’s
utility function and her endowment. It applies, therefore, to the given econ-
omy even when there are many individuals with heterogenous preferences.

The remainder of the paper is organized as follows. In the next section,
the model I study is placed in the context of the pertinent literature. Section
3 presents and analyzes the main result while Section 4 relates it to similar
conditions that have been postulated elsewhere. The proof of the theorem,
as well as the material in support of other claims I make throughout the

paper, are in Section 5.

2 Theoretical Foundations

Consider a one-commodity, pure-exchange economy with identical price-
taking consumers, in which economic activity occurs over a time-interval
[0,7] € R;.2 The consumption good is produced by N € N* Lucas trees
whose productivity fluctuates stochastically according to a K-dimensional
(K > N) standard Brownian motion § = {8 (w,t) : t € [0,T]},c defined
on a complete probability space (2, F, 7). This is meant to describe the ex-
ogenous uncertainty about productivity in the sense that the sample paths
in the collection {3 (w,[0,T])},cq completely specify all the distinguishable
events.

Even though endowed with the generated filtration {F; : ¢t € [0,T]}, the

2The theoretical backdrop of the financial environment for which the present result
applies is the same as that in Diasakos [8]. This section gives an outline of the more
detailed description provided there.



agents cannot observe § directly. Instead of the actual productivity shocks,
they monitor the crop on the trees, depicted by the N-dimensional process
Y, which is a function of the process Z = {8 (w, t) at}(w,t)eﬂx[o,T} and whose
component processes Y7,..., Yy represent the current amount of the con-
sumption good on the respective tree. Of course, the evolution of Y over
time depends upon § in a nonpredictable fashion, being adapted to the given
filtration.

The trading structure consists of N + 1 securities: a zero-coupon bond,
depicted as the zeroth security, and stocks indexed by n € {1,...,N}. Fi-
nally, individual preferences are such that the representative agent has some
von-Neumann Morgenstern utility function over instantaneous consumption,
u: Ry — R, which is twice continuously-differentiable, strictly increasing,
and concave everywhere in its domain.

The underlying informational structure being a filtration, the choice
of numeraire here is essentially arbitrary because the equilibrium market-
clearing condition will depend only on the prices of the securities relative
to the price of consumption, and will do so node (w,t) by node (w,s), for
s # t.3 We may choose, therefore, consumption as the numeraire and set
its price at P, (w,t) = 1 V(w,t) € Q x [0,7]. What matters then is the
equilibrium price process of the typical stock relative to that of the bond:

Pn w7
DPn (wa t) = PO((w,:)) '4

3Recall that each w € Q is a complete description of the uncertain environment. As
such, it gets predetermined exogenously and remains fixed throughout time. What changes
with time is the path of realizations for the underlying stochastic process that generates
the filtration {F; : ¢t € [0,T]}. Being a K-dimensional standard Brownian motion, its
component processes (31, ..., Bk are independent, one-dimensional Brownian motions with
zero drift and unit variance so that the process changes here in increments such that, for all
0<s<t<T,fB(w,t)—p(w,s)is independent of F, (w) and distributed N (0, (¢t — s) Ix).
A given w determines, therefore, the Brownian path 8 (w, [0,7]). And since this path has
been drawn by nature before the economic activity even starts, the equilibrium market-
clearing conditions need to apply only along the path; along every possible path, of course,
but not across paths. As a consequence, and given that only relative prices matter in
equilibrium, it is without loss of generality to normalize such that the price of one of the
traded entities is 1 throughout every path.

4This is the price of the typical stock measured in bond units. The absolute price
of the bond Py (w,t) being strictly positive everywhere on Q x [0,77], this normalization
amounts to measuring everything in bond units so that the bond itself is turned into a
numeraire money market account. The self-financing strategy is to buy-and-hold one unit



In what follows, I will use the closed form solution for p,, (w,t) as this has
been provided by two related strands of the literature. The first assumes that
the crop on the trees is ripe for consumption only at a finite terminal date 7.
At any intermediate time t € [0,7"), the agent consumes some exogenously-
given deterministic endowment flow (see, for example, Raimondo [25] as well
as Anderson and Raimondo [2]) or nothing at all (as in Bick [4]-[5] but also
He and Leland [15]). Letting W denote the representative agent’s wealth

process (in units of consumption), we have then

Pn (W7t) = = (1)

Bo(w,t) _ Er [ (W(Z(w,T))) D (Z (w,T)) | Fi]
B (w,) Er [ (W(Z (w,T))) [ F]

In Bick [5], Raimondo [25], as well as Anderson and Raimondo [2], the
production, consumption, information, trading, and preferences structures
but also the dividends’ specification are exactly as in the present analysis.
The same is true, apart for a much more general dividend specification,
regarding Bick [4] as well as He and Leland [15], two models with no real
differences between them. Either assumes N = K = 1 and that the repre-
sentative agent has no endowment - other than the net supply of the stock
(which can be viewed as the market portfolio), - two restrictions present also
present in Bick [5]. As a consequence, in all three papers consumption takes
place only at the final date. By contrast, Raimondo [25] as well as Anderson
and Raimondo [2] assume that the agent is endowed with a deterministic
flow rate of consumption during the interval [0,7") and with a lump sum
at T, which may be stochastic (a continuous function of the terminal-date
realization of the underlying Brownian process). Nevertheless, in all five
papers, the equilibrium relative price of the typical stock is given by the
fundemental equation (1).

The second approach in the literature has been to consider the actual
continuous-time extension of the setting in Lucas [18], granting the agent
continuous access to the crop so that her consumption can be financed by
the trees’ payoffs at all times while 7" may be infinite. The equilibrium

relative price of the nth risky security is then essentially the flow-analogue

of the bond. The account pays no interest since its value is constant at one unit.



of that in (1):

Ex [ftT o (W (T (w,s)),s) Dy (T (w,s)) d5|]-‘t}
poiost) = 7 ©)
Ee 7o (W (Z(w,5)).5) ds| 7]

t

From all of the papers in this strand, the most well-known is Cox et
al. [7], probably the most seminal study of the continuous-time, single-good
economy with identical agents and Lucas trees. Lucas [18] considered an
infinite-horizon, discrete-time, single- and perishable-good, pure-exchange
economy with several trees in which a representative agent with state- and
time-independent utility for instantaneous consumption and no endowment
(other than the trees) has continuous access to the trees’ output, so that
intermediate consumption is financed by the trees’ dividends.

Cox et al. [7] present the continuous-time analogue of this model, en-
hancing it to include production. As before, an underlying stochastic process
generates shocks to the productivity of the trees. Yet, the trees’ productivity
is now influenced also by the representative agent who has continuous access
to the trees’ output, consuming some and reinvesting the rest in the pro-
duction process. The authors consider in addition a more general preference
structure along, however, with a more restricted trading one. The agent
may have now state- and time-dependent preferences for instantaneous con-
sumption while there is a dynamically-complete securities market in which
a full set of Arrow-Debreu contingent claims are traded (each available in
zero net supply).

Allowing for time- but not state-dependence, the representative agent of
Cox et al. [7] seeks to maximize the current expectation of the entire future
utility flow, E, [ftTu (W (Z (w,s)),s) ds]]—}]. In this case, the equilibrium
price of any real asset relative to that of the zero-coupon bond is given by (2).
The same pricing formula can be found also in Merton [22]-[23], Cochrane et
al. [6], Martin [21], Duffie and Zame [13] (see Theorem 1 and the subsequent
discussion in Section 5), Karatzas et al. [17] (Corollary 10.4), Riedel [26]
(Theorem 2.1), and Wang [27] (Equation 2.4).

It should be pointed out also that, even when the individuals in the



economy have non-identical preferences for consumption, the pricing formula
takes still the same basic form as in (1)-(2). The only difference is that the
individual marginal utilities are now taken at the equilibrium consumptions
of the agents, which are determined endogenously as part of the equilibrium
(see, for instance, Duffie and Zame [13] or Anderson and Raimondo [1]).
To enable the analytical manipulation of the fundamental pricing equa-
tions in (1)-(2), I will restrict attention to the case in which the typical
component of the production process follows a geometric Brownian motion:
Y, (T (w,t)) = etnttonB@l) hoth the drift g, € R and the instantaneous
covariance matrix o,0), € RE*K being constants. This is a widely-used
specification, both in the theoretical as well as empirical literature, which

allows the derivative ggz Egg to be recovered from the current information on

future dividends in a very straightforward way. More importantly perhaps
for the purposes of the current study, it greatly facilitates exposition as it
allows us to obtain a characterization of dynamic completeness with respect
to the pricing process in (1) which is also valid for that in (2). Indeed, in
what follows and for reasons of expositional clarity, my analysis refers to
the fundamental pricing equation (1) even though, as I show in Section 5,
it readily carries through also to the pricing equation (2).

For any w € Q, therefore, at all intermediate dates ¢t € [0,7T), the divi-
dends of the IV 41 securities are zero while the representative agent’s endow-
ment process is deterministic. At the terminal date, however, the dividends
will be given by Dy (Z (w,T)) = 1 and D, (Z (w,T)) = etnT+orBw.T) for
n = 1,...,N. The representative agent’s endowment process, moreover,
will be given by some deterministic function e : [0,7) — R, at all times
prior to the terminal date and by p (Z (w,T)), for some continuous function
p: RE x {T} — R,, at the end. The agent’s wealth (equivalently, her
equilibrium consumption) equals, therefore, her deterministic endowment

during the intermediate period and

N
w (va) =p (I (W’T)) + Z D, (I (va))

n=1



at the end. She also has an additively-separable, time-independent utility
function which, for a measurable with respect to the Brownian filtration

consumption function ¢ : Q x [0,T] — Ry, is given by

T
U(c(Z(w,1) = Exq [/t v(e(Z(w,s))ds+ulc(T(w,T))F| (3)

for some instantaneous utility functions v, u : Ry4 — R that are everywhere
twice continuously-differentiable, strictly increasing, and strictly concave.
The corresponding equilibrium pricing process has been derived explic-
itly by Raimondo [25], in terms of the agent’s utility function, her terminal-
period endowment, and the current realization /3 (w,t) of the Brownian vec-

tor:®

P, (w,t) = Eﬂ[

-

Py(w,t) = B [u/ (W (Z(w,T))|F] :/RKU'(W(I(w,t),X))dCD(X)

"(W(Z (w,T))) Dn (T (w, T)) | F]

K

=

u )
o (W (Z (w,1), %)) et THR B HVT=5) 4 (x)
u

Here, the quantities

N

W(T(w,t),%) = p(Bw0)+VT—ix)+ > Du(T(w1),%)
n=1

Dy (T (w,t),x) = enTHoR(BnVT=ix) (4)

depict, respectively, the terminal realizations of the agent’s wealth and of
the nth dividend, conditional on the current Brownian realization and on its
future increment 3 (w, T) — 3 (w,t) = VT — tx, with x ~ N (0,1x) and @ (-)
being the standard K-dimensional Normal cumulative distribution function.

Notice that both of the last two quantities above as well as all expecta-

tions henceforth are Fi-conditional. My focus will be on the derivative of

®See Theorem 1 in Raimondo [25] but also Theorem 2.1 in Anderson and Raimondo [2].
The price of consumption is given by Pc (w,t) = v’ (e(t)) for t € [0,T) and Pc (w,T) =
u' (W (Z (w,T))). Recall, however, that we have normalized setting Pc (w,t) = 1V (w,t) €
Q x [0, T]; hence, all other prices are measured in units of marginal utility (utils per unit
of consumption).



the typical relative price

pn (w,t) =

with respect to changes in S (w,t), the current realization of the typical
Brownian motion. This is given by
Opn, (w,t) 1 0P, (w,t) 0Py (w,t)

9B (0. t) Py (w,b) |08k (w,t) " (w,1) 9By, (w, 1) (5)

3 Dynamic Completeness

In an Arrow-Debreu economy, the agents may shift consumption across
states and time by trading a complete set of contingent claims. When they
are constrained to trade a given set of securities, however, the market is
said to be dynamically complete if the agents can still achieve any consump-
tion allocation that would be feasible if there were instead a complete set
of Arrow-Debreu contingent claims. Under continuous-time trading, when
the information about the state of the world is revealed through a stochas-
tic process, this may be possible by trading a given finite set of securities
rapidly enough. In particular, when the underlying uncertainty is driven by
Brownian motions, a necessary (yet by no means sufficient) condition for this
to happen is that the securities market is potentially dynamically-complete:
i.e., the number of securities exceeds that of independent Brownian motions
by at least one.”

Hence, in the economy described previously, let N = K. It is well-known
that, in the presence of a money market account, dynamic completeness is

equivalent to the dispersion matrix of absolute prices [gg:((:j;)

} (n,k)e{1,...,K}?
having almost everywhere rank equal to K, the number of the sources of

risk (see, for example, Sections 4.1-4.4 and Theorem 5.6 in Nielsen [24]
or Chapter 6 in Duffie [9]). Here, given our normalization, the prices of

the risky-securities are already expressed in bond units so that the zero-

SWhen the underlying information process is not Brownian, the required number of
securities may be larger.



coupon bond is itself a numeraire money market account.” Hence, dynamic

completeness is equivalent to the K x K dispersion matrix of relative prices

Opn (w, t)

Jp (W, t) =
p (1) [aﬁk (w, t)] (nk)e{l,.. . K}?

having almost everywhere on Q x [0,7") rank equal to K, the dimension
of the Brownian process. As it turns out, this is in turn equivalent to the

matrix of factor loadings being nondegenerate.®

Theorem 1 Let the securities market be potentially dynamically complete
(N = K ). The following are equivalent.

(i) The market is in fact dynamically complete.
(ii) ¥ is nonsingular.

As a desirable feature of the economic environment under study, the
nondegeneracy of the dispersion matrix 3 was introduced in the literature
by Harrison and Kreps [14] in order to ensure that the observable payoffs’
process Y generates the (generally) unobservable Brownian filtration, the
true underlying informational structure.? In this sense, the nonsingularity of
> has been since regarded as fundamental and, given that it is equivalent to
dynamic completeness when time is discrete, often conjectured to be related
to dynamic completeness also in continuous time. A conjecture that, as
Theorem 1 establishes formally, is correct in the strongest sense.

As a property, condition (ii) of the theorem depends only on the structure
of the terminal dividends of the securities, leaving no role for the other

economic primitives - in particular, the utility function of the representative

"The corresponding self-financing strategy is to buy-and-hold one unit of the bond. In
bond units, this account pays no interest since its value is always one.

8For the case K = 1, dynamic completeness follows immediately from Theorem 1 in
Diasakos [8]: as long as the now scalar o is non-zero, the equilibrium relative price is
always monotone in the current realization of the Brownian motion.

°T am referring to Proposition 1 in Harrison and Kreps [14] which allows also for ¥ to
be stochastic so that, for the K-dimensional Ito process Y, we would have here dInY =
w(Y (t),t)dt + X (Y (t),t)dB (w,t). As long as X (y,t) is nonsingular at every (y,t) €
R¥ x [0, T], the Brownian filtration {F; : 0 <t < T} is generated by {Y; : 0 <t < T}.

10



agent or her endowment. It is also easily verified (by checking whether || #
0) and generically satisfied (within R*%, the set of points corresponding to
singular square matrices is of zero-measure). And combining generic validity
with universal verifiability is quite rare in the literature. In most generic
results on dynamic completeness, the corresponding condition is shown to
hold except for a small set of the primitive parameters, being nevertheless
difficult (if not impossible in some cases) to establish whether it does for
particular values of these parameters.

Indeed, Theorem 1 should be viewed in the context of the results on exis-
tence of general equilibrium in continuous-time finance models, established
by a number of important papers (such as the ones mentioned already, but
also Duffie and Skiadas [12]). To the best of my knowledge, apart from Rai-
mondo [25] or Anderson and Raimondo [1]-[2], the typical approach has been
to start with a given candidate equilibrium price process, which is assumed
to be dynamically complete, and proceed to establish that it is in fact an
equilibrium.'® However, the candidate equilibrium price processes are de-
termined from the economic primitives of the model (the utility functions of
the agents, their endowments, and the dividend processes of the securities)
by a fixed point argument. And this means that, except in the extremely
special cases where one can solve for the candidate equilibrium explicitly,
it is not possible to verify from the primitives if the candidate equilibrium
price process is indeed dynamically-complete.

By contrast, Raimondo [25] as well as Anderson and Raimondo [2] al-
low for the case when the market is necessarily dynamically-incomplete
(N < K). The latter being a direct extension of the former, both pa-
pers study a representative-agent economy and manage to construct the ap-
propriate Negishi weights (hence, the equilibrium pricing process) directly
from its primitives. Neither, however, specifies when the market is in fact
dynamically complete, given that it is potentially so, while following their
arguments is quite demanding as nonstandard analysis is heavily used.

Similar economic intuition and mathematical apparatus is deployed also

100f course, the form of the assumption varies in the literature. See the introductory
section of Anderson and Raimondo [1] for a summary review and discussion.

11



in Anderson and Raimondo [1]. Generalizing their previous work to an econ-
omy with many heterogeneous agents, the authors introduce here a condition
on the economic primitives (in particular, on the dividends of the securities)
which guarantees dynamic completeness, permitting the construction of the
equilibrium pricing process via their representative agent approach. Yet, as
I argue below, their economy embeds the one I examine in the present paper
as a special case in which their condition reduces to the dispersion matrix

> being nonsingular.

4 An Interpretation of the Result

Under the terminal dividend specification in (4), the partial derivative with

respect to the current realization of the kth Brownian component at the node

(w,t) and for the realization x € R¥ of the Brownian increment 3 (w,T) —
I DR (Z(w,t),

B (w,t) is given by W = ont Dy (Z (w,t) ,x). As a consequence, the

K x K Jacobian matrix of terminal dividends
V,B(w,t)Dl (I ((/J, t) aX)T
Jp (Z (w,t),x) =
V,B(w,t)DK (I (w7 t) 7X>T

is constructed by multiplying each row of ¥ by the corresponding terminal
dividend:

Ip (T (w,t),x) = [0, Dn (T (w, 1), x)],21 K (6)

It follows, therefore, that the nondegeneracy condition (ii) of the theorem
is equivalent to requiring that Jp (8 (w,t),x) be of full rank at every node
(w, ) and for every realization x € R¥ of the Brownian increment 3 (w, T) —
B (w,t). In other words, that D (Z (w,t),x),..., Dk (Z (w,t),x) be locally
linearly independent at every (w,t,x) €  x [0,T) x RE.1

"Recall that, if the matrix A results from multiplying a row of the square matrix A by
the number \, then |A] = A|A|. In our case, |Jp (Z (w,t),x)| = |Z|TIX., Dn (Z (w,t),%)

12



Obviously, if there are just enough securities for potential dynamic com-
pleteness, some form of linear independence amongst the securities’ divi-
dends is necessary for dynamic completeness of the Arrow-Debreu securities
prices. In this sense, some form of linear independence amongst the divi-
dends is (at least implicitly) assumed in any paper within the realm of the
continuous-time finance literature that deals with the case of potentially dy-
namically complete markets. Of course, not all of these papers have lump
terminal dividends and not all present the corresponding form of dividend
linear independence explicitly. In fact, to the best of my knowledge, only
two recent papers do both explicitly. Namely, in Anderson and Raimondo
[1] but also in Hugonnier et al. [16], dividend linear independence plays a
pivotal role in guaranteeing dynamic completeness, the respective condition
being equivalent to the one I present here for the corresponding setting.

Anderson and Raimondo [1] prove existence of equilibrium in a continuous-
time securities market setting that embeds the one I examine. They also
study a single consumption good, pure exchange economy in which the
information- and time-structure for trade and consumption are exactly as
here. Yet, their typical security may pay dividends even during the inter-
mediate period, their economy has many heterogenous agents, while they
allow for time- as well as state-dependence in the dividends, endowments,
and instantaneous utilities (as long as the latter dependence obtains only
through the realizations of the Brownian process.).

Their securities market is potentially dynamically complete for they in-
troduce K + 1 securities. In state w, their typical security pays a div-
idend (measured in units of consumption) at some flow rate d, (Z (w,t))
at times t € [0,7) and a lump amount D,, (Z (w,T')) at the terminal date.
Their typical agent is endowed with the consumption good at some flow rate
ei (Z (w,t)) at times t € [0,7) and a lump amount p; (Z (w,T")) at the end.
Her preferences over consumption are given by a von Neumann-Morgenstern
utility function U;, such as the one I have considered in (3), in which the

instantaneous utility functions v; and u; are defined on her measurable con-

with [T%_, Dy (Z (w,t),x) > 0.

13



sumption process ¢; : [0,7] x Q — Ry but also on the process Z.

The authors take the functions that apply on flows, d,,, e; : RE x [0,T)
R, and v; : Ry x RE x [0,7) = R U {—oc}, to be analytic.!?> Regarding
the ones that apply on lump amounts, Dy, p; : RX x {T} — R and u; :
R, x RE x {T} + R U {—o00}, the first two are assumed to be continuous
and the third twice continuously differentiable, all almost everywhere on
their respective domains. In addition, the functions v; and u; are required
to satisfy certain standard regularity conditions.

More importantly for the purposes of my analysis, Anderson and Rai-
mondo [1] assume the following nondegeneracy condition on the terminal
dividends: there exist (a) an open set V C R¥ such that the terminal divi-
dend of security 0 is positive if the terminal-date realization of the Brownian
vector falls within this set (Dg (y,T) > 0 Yy € V) and (b) some terminal-
date Brownian realization y* € V such that the K x K Jacobian matrix
Jp, (y,T') has full rank at (y*,T).

_ Diy)\T T
Vy (Dé(?T)) VyDi(y, T)T
JDO (Y7T) = ' JD (Y7T) =
Dr(y,D)\T
i vy ( DI;(()},,’T))) ] vyDK (Y7 T)T

As it turns out, this exogenous assumption is sufficient for their equilibrium
pricing process to be dynamically complete. As it happens, if the security
0 is a zero-coupon bond (dy (Z (w,t)) =0 for t < T and Dy (Z (w,T)) = 1),
this rank condition reduces to the requirement that the Jacobian matrix
Jp (y,T) is nonsingular at (y*,T).

Needless to say, the economy I study in the present paper is a special case
of the one just described. For it obtains by restricting the functions d,, and
e; to be, respectively, zero and deterministic (hence, either trivially analytic)
while all terminal dividends in (4) are certainly continuous. Moreover, all

conventional state-independent utility functions satisfy the conditions An-

12A function is said to be analytic if, at every point in its domain, there exists a power
series which converges to the function on an open set containing the point.
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derson and Raimondo impose on v; and u;. In fact, the authors themselves
use the setting I analyze here as their main example (see their Section 3).
It should be expected, therefore, that condition (ii) of Theorem 1 coincides
with their nondegeneracy condition for the case in which security 0 is a
zero-coupon bond.

Indeed, under the terminal dividend specification in (4), D, (Z (w,T)) =
etnT+onB(@.T) implies that the typical entry of the matrix Jp (y,T) reads
onk Dy, (y,T), which is identical to the one in (6) once we define 8 (w,T) =
y = B (w,t) + x. Hence, requiring the existence of some open set V C R
and a point y* € V such that Jp (y*,T') is nonsingular is equivalent to re-
quiring that, conditional on the current realization 3 (w, t), there exists some
open set Vg, ¢ C RX and a point x* € V3(w,) such that Jp (T (w,t),x") is
nonsingular. In the present formulation, however, when valid, this nonde-
generacy condition remains so universally rather than at some point of an
open set. In view of (6), the nondegeneracy of the Jacobian matrix of ter-
minal dividends is globally equivalent to the nondegeneracy of ¥, a matrix
of constants.

Of course, Anderson and Raimondo [1] study an economy with many
heterogenous agents. By contrast, the analysis in the present paper is fo-
cused upon a representative agent. Yet, this does not matter with respect
to a condition for dynamic completeness that is imposed on the structure
of the securities’ dividends only. It is well-known that, under dynamic com-
pleteness, the financial equilibrium must be Pareto optimal. Which, in an
economy with many agents, requires in turn the existence of a (constant)
vector of utility weights such that, at each node (w,t), the equilibrium con-
sumptions maximize the weighted sum of the utilities of the agents.

This weighted sum being the utility of the representative agent, Theorem
1 applies immediately because it is not concerned with the functional form
of the weighted sum (or that of the social endowment). Hence, its claim
remains in force even with many heterogenous agents. In this sense, it is not
surprising that Theorem 1 gives the same sufficient condition for dynamic
completeness (using, though, completely standard mathematical apparatus)

as Anderson and Raimondo do when one of their securities is a zero-coupon
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bond. What might be surprising perhaps (for reasons to become apparent
immediately below) is that, in the important special case of their setup that
I examine, it complements their nondegeneracy hypothesis by rendering it
also necessary for dynamic completeness.

At first glance, this necessity might seem at odds with the study of
Hugonnier et al. [16] who characterize dynamic completeness in a setting
which is, in some dimensions more general than that in Anderson and Rai-
mondo [1], in others more restrictive. On the one hand, the evolution of the
state variable y € RX need not be dictated by a Brownian motion but a
general diffusion process. The time-horizon may also be infinite (7' = o)
so that a security pays a continuous flow of dividends but no terminal lump
sum. Moreover, amongst the K + 1 traded securities, the zero security is
taken to be a money market account. On the other hand, the agents’ relative
risk-aversion coefficients are taken to be bounded (see their Assumption C),
in a way that is rather hard to satisfy unless their utility function exhibits
constant relative risk aversion.

Following the usual methodology in the literature, the authors start with
a given Arrow-Debreu equilibrium, construct then candidate equilibrium
prices for the traded securities by using the aggregate consumption process
as a state price deflator, and finally check that these are indeed equilibrium
prices and, hence, support a dynamically-complete financial equilibrium.
They establish that, as long as the candidate pricing process is real analytic
as function of time, dynamic completeness can be deduced from the non-
degeneracy of the volatility matrix of the dividends of the securities indexed
by 1,...,K.13

13More precisely, the authors show that market completeness can be deduced from the
primitives of the model as long as the candidate equilibrium prices of the securities are
real analytic functions, of the state variables and time if the horizon is finite, and of time
if it is infinite. In their technical supplement, however, they determine that, under some
additional technical assumptions, real analyticity in the state variables can be dispensed
with in the former case. By contrast, real analyticity in time cannot be relaxed. There are
examples (see Section D of their supplement) of representative agent economies that fail
to admit dynamically complete securities’ markets, despite the fact that the dispersion
matrix of their dividends is non-degenerate, because the candidate prices are not real
analytic in time.
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In particular, it is sufficient that there is some realization y* € ) such
that the Jacobian Jp (y*,T") has full rank (see their Theorems 1 and 3).
Of course, this condition is essentially the same as that in Anderson and
Raimondo [1] for the corresponding setting (for an example, see Section B
in the Supplement on Hugonnier et al. [16]). The authors argue, however,
that is not also necessary for dynamic completeness. Indeed, if for instance
some of their traded assets are fixed income securities (such as our zero-
coupon bond or an annuity, its infinite-horizon analogue), non-singularity
clearly fails (the respective row of the matrix Jp (-) is a row of zeroes) but
the securities’ market may nonetheless be dynamically complete (see their
Example 1). In such cases, a sufficient criterion for dynamic completeness is
obtained via a second order expansion of the volatility matrix of the prices
(Theorems 2-3).

Yet, a fundamental assumption for the analysis in Hugonnier et al. [16] is
that the instantaneous variance-covariance matrix of the underlying stochas-
tic state-process is non-degenerate - see their Assumption A(a). And within
the confines of the setting studied in the present paper (namely, that the
state-variable follows a geometric Brownian motion), this amounts to re-
quiring nothing other than condition (ii) of Theorem 1 above.'* To the
extent, therefore, that one adopts our normalization viewing essentially the
zero-coupon bond as a money market account, dynamic completeness is ef-
fectively assumed on the outset.

Which is to say of course that, although very important in general, the
extension undertaken by Hugonnier et al. [16] to introduce a money market
account as an explicit security is rather meaningless in the particular econ-
omy the present paper analyzes. For if, in the presence of the zero-coupon
bond, one of the securities indexed by 1,..., K is riskless, the corresponding
row of the matrix ¥ will be a row of zeroes. It follows immediately then that
condition (ii) would be violated, but so will be Assumption A(a). The same

can be said, moreover, even when the model has an infinite time-horizon.

14To compare the notation used in the present paper with the one in Hugonnier et al.
[16], their state-variable is given here by X; = InY;. Hence, we have ux = pand ox =%
while their terminal dividend function G, (-) is the exponential.

17



The preceding discussion applies also in that case because, as I show in the

next section, Theorem 1 above continues to hold.

5 Proof of Theorem 1

The following result is borrowed from Diasakos [8] (see Lemma A.5 in Ap-

pendix A).

Lemma 5.1 Let S C R" be of non-zero Lebesgue measure and such that S?

is symmetric around the origin.'> Suppose also that

(i) g: 8% — Ry is symmetric - i.c., g(x,y) = g (y,X) - everywhere on its

domain except for sets of measure zero,

(is) f : S — R is such that f(x,y) + f(y,x) > 0 everywhere on its

domain except for sets of measure zero, and
(i4i) (gf) (-) is Lebesque-integrable over S*.

Then
/§g<x,y>f<x7y> d(x,y) >0

with strict inequality iff g (x,y) [f (x,¥) + f (y,x)] # 0 on a subset of S* of

non-zero measure.

To keep notation simple, I will display neither the node (w,t) of the
Brownian filtration nor the process Z as arguments in the relevant functions.
Notice also that, even though not shown again for notational parsimony, all
expectations are supposed to be conditional on the current filtration ;.

Let N = K. As argued in the main text, in the economy I examine,
dynamic completeness is equivalent to the K x K matrix J, (w,t) being
nonsingular almost everywhere on 2 x [0,7]. In what follows, I establish

that the latter condition obtains iff ¥ itself is nonsingular. To this end, j, »

'5This is to say that the relation R (x,y) := ((x,y) € $?) C R*" is symmetric.
1The lemma holds, more generally, if g is symmetric almost everywhere.
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will denote the typical row of J, in vector form. As shown in Diasakos [8]

(see equation (27) in Appendix C), its typical entry j]],f’n = g’é’; is given by

eHnT+UJ7.B
P2VT —t(2m)K
/ o (W () ! (W (x)) (g, — ) ¥/ T =28 4y
R2K

]p,n -

Only If. To establish the contrapositive statement, suppose that X is sin-
gular. There exists, then, v € R¥\ {0} s.t. ¥v = 0. Take now a € R¥\ {0}
s.t. aTv # 0 and consider the hyperplane H, = {x eRE :aTx = 0}. For
an arbitrary xg € H,, consider also the line through xg in the direction
of vi L(xq;Vv) = {X eERE: x=xg+tv,te ]R}. Since v and H, are not
parallel, R® can be spanned as UsxoeHa L (X0; v).17 Hence, for the nth risky
security, we have

P2JT —t(2m)X _.
0 C1)” ot = / o (F (x))u' (F(y))e"™™aT (y —x)e” "2
e.“nT‘anB R2K

= / S (%0, yo0: a) dxodyg
HZ

where S : H2 — R is given by

_yTy+xTx

S@me—/ o (F (%)) (F (y)) eaT (y — x) e~ 5 dxdy
L2(xq;Vv)

But oix = ofxg Vx € L(xp;v) and Vn = 1,..., N so that the terminal-

period wealth is a function of x(¢ rather than x on L (xo;v). Moreover,

Let {vk}kK:]1 be a basis for the hyperplane H,. As it is not collinear with v,
{v,vi,...,Vk_1} is a basis of RE. Hence, any x € R¥ can be written uniquely as
X = 25:711 tivk + tv for some (t,t1,...,tx—1) € R¥. Equivalently, x = xo + tv for a

. K—1
unique xo = > ;| txVi € Ha.
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a'x = ta'v Vx € L (xo; v). Hence, we may write

S (x0,¥0; )
(yo+tv)T(yo+tv)+(xg+7v)T (xg+7V)
= / W (F (x0))t (F (yo)) e (t—r)aTve 2 - S dtdr
RQ
(yo+tv)T (yo+tv)+(x0+7v)T (xg+7v)
=W (F (xo)) o (F (y0)) €70 / aT (f — ) ve— U0 r o)
]R2

= o/ (F (x0)) u/ (F (y0)) "B, 3 [aT (Z — 2)]
=/ (F (x0)) v/ (F (y0)) e”"¥°aT (x0 — yo) = 0

vvl 0

where (z,z) ~ N | — (%0, ¥0) ,

0 wvvT
and Brownian node were arbitrary in this argument, we have just established
that aTj,, (w,t) =0 forall n = 1,..., K and all (w,t) € Q x [0,7]. The

Jacobian J, (w,t) is indeed singular everywhere on £ x [0, T7.

) ) . And as the choices of stock

If  For any v € RX \ {0}, the non-singularity of ¥ guarantees at least
one nonzero entry for the vector Yv. Let it be the nth one: ojv = v # 0.
Switching the vectors a and o, in the geometric argument made for the

preceding part, we have

P2VT —t (2m)" -

AY2 =
etinT+ok B "

S (x0,y0; v) dxodyo
HZ,
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Yet, now vix = vixg+tvivand ofx = tv Vx € L (xp;v) andVn = 1,..., K
so that

S (x0,¥0; V)
= v'(yo—xo)
Yo+t T (yo+tv)+(xg+7v) T (xg+7v)
/ u' (F (x0 +7v)) o (F (yo +tv))ee” - s S dtdr
R2
+vTv
(yo+tv)T(yo+tv)+(xg+7v) T (xg+7V)
/ u (F(xo+71v)u (F(yo+tv))e” (t—71)e” 0 e T dedr
R2
T v(En—yon) , , -
= vi(yo—x0)Epz |e o (F(z)u (F(2))
+vTv
(yo+tv) T (yo+tv)+(xg+7v) T (xg+7v)
/ u (F(xo+7v))u (F(yo+tv))e” (t—71)e” o e T dtdr
R2
~ vvl 0
where (z,z) ~ N | — (X0,¥0),
0 wvvT
There are two cases to consider, depending on whether or not v and o,
are collinear. If they are, then vixg = vTyg = 0. Otherwise, we can span
RE as U,cr Uxo€H g,y L (x0;v) where H, ..y = {x0 € H,, : vIxg =1}.
In this case, we may write vTj,, = [p <fH? . S (x0,y0; V) dXodyg) dr.
Regarding, though, the integration in the brackets, in the expansion for
S (x0,¥0; V) above we now have vT (yg —xg) =7 — 7.
In either case, therefore, vT (yo — x¢) = 0 and, thus,
S (%0, Y05 V)
= vlv
(yo+tv)T(yo+tv)+(xg+7v) T (xg+7V)
/ u (F (xo+7v))u (F(yo+tv))e” (t—71)e” 0 e T dtdr
R2
= vlv
(yo+™v)T (yo+7v)+(xg+tv)T (xg+tv)
u (F(xog+tv)u (F(yg+7v))e™ (r—t e 0 T T dtdr
y
RQ
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Writing now S (x¢,yo;v) and S (yo,Xo; v) by the first and second of these

equalities, respectively, gives

S (x0,¥y0; v)+S (yo, X0; V) = vTv/ g(x0+7v,yo+tv) (e —e™) (t — 7)dtdr
RQ

with g : R?( — R, . defined by

_ (yot+tv)T(yo+tv)+(xp+7v) T (xg+7Vv)
2

g(xo+7v,y0+tv) =u (F(x0+7v))u (F(yo+1tv))e

Now, since v # 0, v (et” — e”’) (t—7) > 0 Vt,7 € R apart from the zero-
measure subset (¢,7): t = 7. Given also that vTv > 0, Lemma 5.1 implies
that S (x0,¥0;v) + I (yo,Xo;v) has the same sign as v. And so must do,
of course, the quantity 2v7j, . Which proves that .J, (w,t) is non-singular
everywhere on Q x [0, T|. For we have established that, at an arbitrary (w, t)
and for an arbitrary v € R¥ \ {0}, the vector J, (w,t)Vv has at least one

nonzero entry.

Dividend-financed Intermediate Consumption

Let us now turn to the setting where the agent’s access to the trees’ divi-
dends is continuous so that her intermediate consumption can be financed by
their payoffs at all times while T' may also be infinite. In this case the equi-
librium relative price is given by (2) and Diasakos [8] (see Appendix D) has
established that, as long as u (-) and D,, (-) are, respectively, continuously-

differentiable and continuous,

Po(t) = /tTPn,s(t)ds

0P (t) [T OPus(t) 5 n
Bw =~ C‘Mk(t)d (n,k) € {0,1,...,N} x {1,..., K}
2 Opn () [T 2 Opns (6) ()

By (1 o = /t Bos (0 G5ds (k) € (L N} x (1. )

where P, , (t) is the absolute price I have analyzed above, taking s to be the

terminal date.
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Recall now that the preceding proof is based upon showing that the

inner product ZkK 1 Ok agg S’(()) is either zero or not, for some a € R¥ \ {0}

and taking s as the terminal date. As the respective result applies also

for the quantity Pp (t) Zle ay agg:(g) while the vector a is constant on

[t, T, the same is true for the quantity Py (t)* S5 a g’;" g That is, the

inner product Zn 1 ngg"g; is correspondingly either zero or not so that

the argument remains valid when intermediate consumption is dividend-

financed. Needless to say, all of the above remain valid as T" — oo.
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