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Abstract

In models of first-price auctions, when bidders areex anteheterogenous, deriving explicit equi-
librium bid functions is typically impossible, so numerical methods (such as polynomial ap-
proximations) are often employed to find approximate solutions. Recent theoretical research
concerning asymmetric auctions has determined conditions under which equilibrium bid func-
tions must cross. When equilibrium bid functions are approximated by low-order polynomials,
however, such polynomials may not be flexible enough to satisfy the qualitative predictions of
the theory. Plotting the relative expected pay-offs of bidders is a quick, informative way to decide
whether the approximate solutions are consistent with theory.
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1. Motivation and Introduction

While first-price auctions have been used extensively, perhaps for centuries, their properties
are not yet fully understood by economists. In the most studied model of equilibrium behaviour
at first-price auctions, the private valuations of potential buyers of the object for sale are assumed
to be independent and identically-distributed draws from a common distribution—the symmetric
independent private-values paradigm. In many applications, however, it is natural to assume that
bidders areex anteheterogeneous, their valuation draws coming from different distributions, per-
haps independently. Under such an assumption, however, formal analysis becomes complicated,
even within the otherwise simple independent private-values paradigm. The main problem is
technical in nature—a Lipschitz condition at the lower bound is not satisfied by the system of
differential equations that characterizes the equilbrium bid functions. Thus, it is typically impos-
sible to derive equilibrium bid functions explicitly.1 Therefore, beginning with Marshall et al.
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4655; Facsimile:+61 3 8344 6899.
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1For examples in which bid functions can be characterized, see Vickrey [32], Griesmer et al. [13], Plum [28], Cheng
[5] as well as Kaplan and Zamir [19].
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[25], several researchers have employed differenttechniques from the numerical analysis litera-
ture in an effort to investigate various properties of asymmetric first-price auctions.

In parallel to these efforts, contributors to another literature have pursued theoretical analy-
ses of the problem, basically investigating qualitative features of equilibrium bidder interaction.
For example, Lebrun [22] as well as Maskin and Riley [26] have established that a weak bidder
bids more aggressively than a strong one: weakness leads to aggression, as Krishna [21] put it.
Typically, a bidder is referred to asstrongif the cumulative distribution function from which his
valuation is drawn dominates that of the weak bidder in a particular sense,first-order stochas-
tic dominance—the cumulative distribution function of the strong bidder is everywhere to the
right of that for the weak bidder. In fact, when deriving their results, Lebrun as well as Maskin
and Riley assumedreversed hazard-rate dominance, which is stronger than first-order stochastic
dominance: under reversed hazard-rate dominance, the ratio of the probability density function
to its cumulative distribution function of the strong bidders is point-wise larger than that for the
weak bidders.2 Recently, Kirkegaard [20] has derived results under much weaker assumptions
concerning the primitives of the economic environment. For example, he has shown that when
first-order stochastic dominance does not hold, so the cumulative distribution functions of bid-
ders cross, the equilibrium bid functions must cross as well. Indeed, under certain conditions,
Kirkegaard has determined the exact number of times equilibrium bid functions will cross.

Although the sharp predictions of the model with strong and weak bidders make it an at-
tractive one, little reason exists to suggest that the model is necessarily an accurate description
of real-world bidder asymmetries. For example, in an empirical analysis of winning-bid data
from sequential, oral, ascending-price auctions of fish in Denmark, Brendstrup and Paarsch [3]
estimated the cumulative distribution functions of valuations for major and minor bidders. They
found that the two unconditional cumulative distribution functions crossed twice, while the cu-
mulative distribution functions, conditional on being above the observed reserve price, crossed
once.3 The analysis of Kirkegaard [20] allows one to make specific qualitative predictions con-
cerning equilibrium behaviour at first-price auctions in this case. In principle, numerical analysis
should permit one to make quantitative predictions as well.

In this paper, we provide a synthesis of these two approaches to analyzing equilibrium be-
haviour at first-price auctions withex antebidder asymmetries. Specifically, the qualitative pre-
dictions of the theoretical literature are shown to be useful in assessing the performance of nu-
merical approximations to the equilibrium bid functions. At the most general level, the number
of times the cumulative distribution functions cross and certain other features of the approximate
equilibrium-bid functions (however derived) can be compared to those theoretical predictions. A
quick, informative visual “test” is also proposed. We begin, however, by examining one specific
approximation strategy in detail—specifically, the third algorithm of Bajari [2], and the modi-
fications made to it by Hubbard and Paarsch [15]. Gayle and Richard [11] have provided the
following evaluation of Bajari’s third algorithm:

[it] will often produce accurate numerical approximations [...]. It is found to be fast,
at least with good starting values. It remains, however, an approximation whose
accuracy needs to be carefully assessed.

2An alternative definition of reversed hazard-rate dominance is that the ratio of the cumulative distribution function
of the weak bidder to that of the strong one is monotonically falling.

3These crossings could be an artifact of the interaction of sampling error and the Laguerre polynomials that Brend-
strup and Paarsch used to approximate the probability density functions, something that could happen with the kernel-
smoothing methods proposed by Guerre et al. [14] as well.
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We shall argue, first, that the speed of the algorithm is a distinctadvantage; second, however, we
shall supply some insights from economic theory that allow a researcher to assess the accuracy
of the approximations produced by Bajari’s third algorithm. We have another purpose as well,
which is to sound a note of caution: depending on the exact specification, Bajari’s third algorithm
may be unable to produce approximations that are consistent with the true qualitative features of
the equilibrium bid functions.

Under Bajari’s third algorithm, the equilibrium inverse-bid functions are assumed to be poly-
nomial functions. While the details of this approximation strategy as well as the modifications
made to it by Hubbard and Paarsch are described in section 2, here we simply summarize the
main idea, which is to estimate the coefficients of the polynomials that come “closest” to satisfy-
ing the first-order conditions that characterize the unique Bayes–Nash equilibrium as well as the
appropriate boundary conditions. Approximating the equilibrium inverse-bid functions by poly-
nomials requires using a nonlinear least-squares optimization routine. Unlike with the shooting
methods of Marshall et al. [25], or the first algorithm of Bajari [2], however, researchers who em-
ploy the polynomial approach have much less control because they typically cannot tell the solver
to find a better solution. Specifically, with shooting methods, the user can specify a particular er-
ror tolerance and take advantage of existing solvers for ordinary differential equations developed
by engineers and scientists to treat the two-point, boundary-value problem like an initial-value
problem that is solved repeatedly until both boundary conditions are satisfied. (Because these
methods begin at the right endpoint, and shoot back toward the left boundary condition, they
are sometimes referred to asbackward shootingmethods.) The downside of shooting meth-
ods is that, because the system of differential equations is solved iteratively, these methods are
much slower to converge than the polynomial approach. While computation time may not be an
important consideration when solving one example of an asymmetric first-price auction, many
researchers need to solve the equilibrium within the inner loop of an estimation problem that, in
turn, involves repeated simulation; see, for example, the Bayesian econometric work in Bajari’s
doctoral dissertation [1] concerning asymmetries in procurement auctions, which led to Bajari
[2]. In such cases, shooting methods are computationally impractical. Thus, the polynomial
approach has some distinct advantages over shooting methods: specifically, it is fast, intuitive,
and user-friendly. Moreover, one can also use the polynomial approach to deduce valuations
from observed bid data. If researchers need to simulate dynamic games, which require com-
puting the equilibrium inverse-bid functions in each period, then speed is crucial because this
may require solving for the equilibrium inverse-bid functions thousands (perhaps millions) of
times. For example, Saini [29] solved for a Markov Perfect Bayesian Equilibrium in a dynamic,
infinite-horizon, procurement auction in which asymmetries obtain endogenously due to capac-
ity constraints and utilization. Likewise, Saini [30] admitted entry and exit and allowed firms to
invest in capacity in a dynamic oligopoly model in which firms compete at auction in each pe-
riod to investigate the evolution of market structure as well as optimality and efficiency of first-
and second-price auctions in dynamic settings. To do this, he needed to solve for the equilibrium
inverse-bid functions for each firm, at each state (which was determined by each firm’s capacity),
at each iteration, when computing the Markov Perfect Bayesian Equilibrium.

The polynomial approach also avoids the inherent instability of backward shooting algo-
rithms, which was shown recently by Fibich and Gavish [6]. Fibich and Gavish proved ana-
lytically that, regardless of the numerical method used to integrate the system backwards, the
solutions are unstable. Moreover, this instability increases as the number of players increases
(or the number of different classes of players increases in an asymmetric setting). Because our
constrained-polynomial approximations avoid the use of numerical ordinary differential equation
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solvers, we avoid the instability property that characterizesbackwards shooting methods used to
solve asymmetric first-price auctions. Fibich and Gavish proposed a fixed-point iteration method
using a transformation of the standard system of differential equations (which requires solving
for the inverse-bid functions) that involves one player’s valuation as the independent variable.4

In contrast, we consider the standard system of differential equations, but complement it with
theoretical constraints and employ an alternative method used to solve boundary value problems
which is related to collocation methods.5 Nonetheless, our theory carries over to the approach of
Fibich and Gavish—or any other approach, as the tests we propose can be used to evaluate any
candidate solution.

Clearly, the polynomial approach is attractive. The question is: Can researchers trust the
solutions it returns? Here, theory can play an important and useful role. In our research, we have
identified some qualitative predictions that equilibrium inverse-bid functions must satisfy. While
this sort of analysis is no substitute for a convergence criterion, our predictions at least provide
some minimal standards that should be met. Because the polynomial approach is now commonly
used by researchers, both theoretical and empirical, our predictions will allow these researchers
to perform both qualitative and quantitative checks that will help them defend the validity of the
approximate equilibrium inverse-bid functions they have calculated.

Perhaps the most obvious consideration that a researcher faces when applying the polynomial
approach involves the fact that the assumed order of the polynomial will affect both the speed
and the performance of the algorithm. While Bajari used polynomials of order five, and argued
that polynomials of even lower order may be good enough, the examples he provided are fairly
simple. In particular, the cumulative distribution functions he considered can be ordered ac-
cording to reversed hazard-rate dominance. Thus, the equilibrium bid functions can never cross,
either in theory or under his approximations. Following Bajari’s lead, Brendstrup and Paarsch
[3] used fourth-order polynomials to approximate the equilibrium inverse-bid functions in their
application. As noted above, their conditional cumulative distribution functions crossed once,
so the equilibrium bid functions are theoretically known to cross once. Below, we illustrate the
importance of choosing the order of the approximating polynomial.

Specifically, we demonstrate that low-order polynomials are not flexible enough to generate
approximate equilibrium-bid functions that can cross several times, even when it is theoretically
known that those bid functions must cross several times. Thus, in practice, it is important to spec-
ify a polynomial of sufficiently high order. While the visual test that we propose can be used to
decide whether proposed approximations to the equlibrium bid functions are consistent with the
theory, the test does not allow one to evaluate numerical precision. So we counsel a researcher to
err on the side of caution and to specify high-order polynomials—for example, say, twenty-five
or thirty. We have found very little difference between approximations that are of, say, order
twenty-five and those of order thirty: approximations of these orders are the same to any rea-
sonable tolerance. The reader may then think that this will increase computing time, so that the
polynomial approach is then no longer a competitive alternative to shooting methods. Our expe-
rience with the modern computer software that we have used to solve such optimization problems
suggests that a polynomial of order twenty-five is not appreciably more time-consuming to com-

4Fibich and Gavish noted that this choice isad hocand that the wrong choice can lead to a divergent solution—see
footnote 7 of their paper. In their concluding discussion, they suggest this choice might be worth pursuing in future
research.

5We have a two-point boundary-value problem over a domain which is unknowna priori. Thus, our problem can be
considered a free boundary-value problem. Our reliance on economic theory is what helps us to pin this boundary down.
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pute than one of order five. (We used the modelling language AMPL,which is described in detail
in Fourer et al. [9].) In fact, the more flexible is the polynomial (the higher the order) the easier
it is to fit the Bayes–Nash equilibrium, a result that some economists have found paradoxical,
but which several applied mathematicians have found obvious. Basically, even though an higher-
order polynomial has more parameters than a lower-order one, the higher-order one can require
fewer iterations (and, thus, less time) to find the best fit.

In solved examples and through the application of simulation methods, we have found several
interesting facts of both a quantitative and a qualitative nature. First, the order of the approximat-
ing polynomial can affect expected-revenue rankings, substantially. For instance, we investigate
an example in which one distribution involves a mean-preserving spread over another. In this
example, when the order is five, the first-price auction is calculated to dominate the second-price
auction; however, when the order is twenty-five, that ranking is reversed. This qualitative result
is important because, in the theoretical literature concerning revenue rankings, researchers have
focused largely on environments in which first-order stochastic dominance exists. One exception
is the work of Vickrey [32] who presented an analytical example in which, for a particular param-
eterization, one distribution is a mean-preserving spread over another. In Vickrey’s example, the
first-price auction dominates the second-price one. Thus, our example establishes that Vickrey’s
result is not robust and suggests that additional research in this area may be worthwhile. In other
words, accurate numerical approximations can be used to guide future directions for theoretical
research as well.

Second, the order of the approximating polynomial can affect the incidence of inefficiencies
at first-price auctions. In one example, when the order is five, the proportion of auctions at which
the bidder with the highest value does not win the first-price auction is around 0.056; in the same
example, when the order is twenty-five, it is around 0.073, around twenty-five percent higher.
We have also found that different pricing rules may favour one class of bidder over another. A
corollary to this is that, in some political environments, the choice of auction format and pricing
rule can actually favour one class of bidder over another.

Our paper is organized as follows: in the next section, we outline the third algorithm of
Bajari [2] as well as the modifications made to it by Hubbard and Paarsch [15], while in section
3, we describe how the results of Kirkegaard [20] can be used to evaluate the consistency of
numerical approximations, however derived, when the cumulative distribution functions cross.
We provide several numerical examples to illustrate the main points. In section 4, we provide
some simulation results based on the solved examples of section 3. Finally, we summarize and
conclude our research in section 5. To reduce clutter, we present the proof of a proposition in an
appendix at the end of the paper.

2. Theoretical Model and Numerical Methods

Consider a setN = {1,2, . . . ,N} containingN risk-neutral bidders who are vying to win
an object sold at a first-price auction—to wit, either a first-price, sealed-bid auction or an oral,
descending-price (Dutch) auction. A particular bidder, indexed byn, is assumed to draw a val-
uationVn independently from a continuously differentiable cumulative distribution functionFn

that has a finite and strictly positive probability density functionfn on the common support [v, v]
wherev > v ≥ 0, n = 1,2, . . . ,N.6 Here,Vn represents biddern’s monetary value of the object

6As in Bajari [2], the support is assumed to be the same for all bidders. While Bajari studied procurement auctions,
here, as in Paarsch and Hong [27], we have translated his approach to standard auctions.
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for sale.

2.1. Some Properties of Equilibrium Bid Functions
Let σn(v) denote biddern’s equilibrium bid function. Thus, when biddern has valuevn, he

tenderssn which equalsσn(vn). Denote byϕn(s) biddern’s equilibrium inverse-bid function,
so ϕn(·) is σ−1

n (·). Under relatively weak assumptions, Lebrun [23] has demonstrated that an
equilibrium (in strictly increasing strategies) exists, and that equilibrium is unique.

Because the supports of the distributions of valuations are the same for all bidders, it can also
be shown that all bidders submit bids in the same interval [v, s] where s ∈ (v, v). To wit, the
following conditions must be satisfied:

1a. ϕn(v) = v for all n = 1,2, . . . ,N;
1b. ϕn(s) = v for all n = 1,2, . . . ,N.

Conditions 1a and 1b mean thatσn(v) equalsv andσn(v) equalss, the highest observable
equilibrium bid, for all n = 1,2, . . . ,N. Below, some attention will be devoted to the number
of times the equilibrium bid functions cross in the interior of (v, v), or the number of times the
equilibriuminverse-bid functions cross in the interior of (v, s).

Lebrunproved thatϕn(s) is differentiable on (v, s]. When biddern hasvaluevn, his decision
problem is to choose a bids to maximize expected profit, or

max
<s>

(vn − s)
∏

m,n

Fm
[

ϕm(s)
]

.

In equilibrium, biddern tenderss if his valuevn equalsϕn(s). Substituting into the first-order
condition and re-arranging yields the following:

1−
∑

m,n

[

ϕn(s)− s
]

fm
[

ϕm(s)
]

ϕ′m(s)
Fm

[

ϕm(s)
] = 0 n = 1,2, . . . ,N (1)

as formulated by Bajari [2]. Thus, the equilibrium inverse-bid functions are the solution to a
system of differential equations, characterized by (1), with the boundary conditions mentioned
above. Although it is typically impossible to solve this system of differential equations in closed-
form, some properties can be deduced by studying the system at the endpoints, ass approaches
v or s. For example, Fibich et al. [7] proved the following properties, the first of which follows
directly from (1):

2a.
∑

m,n(v− s)fm(v)ϕ′m(s)= 1 for all n = 1,2, . . . ,N.
2b. If fn(v) ∈ R++ andϕn(s) is differentiable ats = v for all n = 1,2, . . . ,N, thenϕ′n(v) =

[N/(N − 1)].

However, as mentioned above, Lebrun proved only thatϕn(s) is differentiable on (v, s]. It is un-
known whether this property holds atv, as assumed in Property 2b; see Lebrun [23], footnote 8,
for a nice discussion of this point. This issue is discussed further below. The assumption that
fn(v) ∈ R++ is also important since Property 2b is demonstrably false otherwise. For example,
Cheng [5] considers a setting where two bidders draw valuations from different power distribu-
tions with v equal zero (but where bidders’ supports have differentupper end-points). At least
one of the power distributions is non-linear and, therefore, does not satisfyfn(v) ∈ R++. Cheng
identified situations in which the two bidders use different linear bidding strategies. Thus, bid-
ding strategies, or their inverse, cannot be tangent to one another ats equalv (or anywhere else
for that matter), contrary to Property 2b.
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2.2. Approximating Bid Functions by Polynomials

Sinceit is typically impossible to solve the system of differential equations characterized by
(1) in closed-form, Bajari [2] proposed approximatingϕn(s) by an ordinary polynomial. That is,
he assumed thatϕn(s) can be approximated by

ϕ̂n(s)= s+
K

∑

k=0

αn,k(s− s)k, s ∈ [v, s], n = 1,2, . . . ,N. (2)

Without loss of generality, assume that the polynomials are of the same order for all bidders.
We assumeK is three, or greater. The problem is to estimates as well as theαn,ks for all
n = 1,2, . . . ,N andk = 0,1, . . . ,K. To accomplish this, Bajari proposed selecting a large number
T of grid points uniformly from the interval [v, s]. Under the functional form in (2), the left-hand
sideof (1) can then be calculated at any grid point. Bajari proposed choosing the parameters that
minimize

H(s,α) =
N

∑

n=1

T
∑

t=1

[

left-handside of (1) for biddern at grid pointt
]2
+

N
∑

n=1

[v − ϕ̂n(v)]2
+

N
∑

n=1

[v− ϕ̂n(s)]2
(3)

whereα denotesa vector that collects theN × (K + 1) coefficients of the polynomials. If all
the first-order conditions as well as the boundary conditions are satisfied, thenH(s,α) will equal
zero.

Note that, under Bajari’s approach, Conditions 1a and 1b (viz., thatϕn(v) equalv andϕn(s)
equalv) are not imposed. Rather, they are only approximately satisfied at a minimum ofH.
Becausethese endpoints are easy to identify visually, particularly in a graph, researchers might
choose instead to minimize

HA(s,α) =ωFOC

N
∑

n=1

T
∑

t=1

[

left-hand side of (1) for biddern at grid pointt
]2
+

ωv

N
∑

n=1

[v − ϕ̂n(v)]2
+ ωv

N
∑

n=1

[v− ϕ̂n(s)]2
(4)

whereωFOC, ωv, andωv arepositive weights chosen by the researcher. Then, relatively large
values forωv andωv canbe chosen to ensure that the approximated endpoints are close to the
theoretical predictions.7 Likewise, Property 2a is not imposed. Once again, however, because
the property derives from the first-order conditions, it should also be satisfied when the fit of
the approximation is good. As for Property 2b, the functional form assumed by Bajari is clearly
differentiable. Hence, a good fit would also produce the prediction in Property 2b. Indeed,
the illustrations of the approximate equilibrium-bid functions presented in Bajari [2] as well as
Brendstrup and Paarsch [3] depict equilibrium bid functions that are tangent at the left endpoints
(right in Bajari’s case because he investigated procurement auctions).

7For example, Bajari [2] setωFOC equal to one andωv as well asωv equalto T.
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If Conditions 1a and 1b as well as Properties 2a and 2b are not satisfied,then the approximate
equilibrium-bid functions are flawed, perhaps in important ways. Since it is difficult to knowa
priori how important such flaws may be, one strategy would be to consider only those approxi-
mations that “come close” to satisfying the conditions. The advantage of Conditions 1a and 1b as
well as Properties 2a and 2b is one can verify that they are satisfied in a straightforward way: no
prior knowledge of the equilibrium bid functions in the interior is required because Conditions 1a
and 1b as well as Properties 2a and 2b concern the boundaries. Thus, these corners offer a quick
first “test” of the plausibility of the approximate equilibrium-bid functions. Alternatively, only
candidate solutions that satisfy these conditions should be entertained: to wit, they should be in-
troduced as constraints on candidate solutions. Note, too, that by assuming that the equilibrium
inverse-bid functions can be represented by polynomials, one is assuming that the functions are
continuously differentiable everywhere on the support. As such, the implicit assumption made
by Fibich et al. [7] (thatϕn(s) be differentiable ats equalv) is satisfied.

Hubbardand Paarsch [15] modified Bajari’s third algorithm in three ways: first, instead of
regular polynomials, they employed Chebyshev polynomials, which are orthogonal polynomi-
als and thus more stable numerically;8 second, they cast the problem within the Mathematical
Programming with Equilibrium Constraints (MPEC) approach advocated by Su and Judd [31].
(For more on the MPEC approach, see Luo et al. [24].) Hubbard and Paarsch used the MPEC
approach to discipline the estimated Chebyshev coefficients in the approximations so that the
first-order conditions defining the equilibrium inverse-bid functions are approximately satisfied,
subject to constraints that the boundary conditions defining the equilibrium strategies are satis-
fied. Finally, they imposed monotonicity on candidate solutions.

Under their assumptions, the approximate equilibrium inverse-bid function for biddern can
be expressed as

ϕ̂n(s;αn, s)=
K

∑

k=0

αn,kTk[x(s;s)] n = 1,2, . . . ,N (5)

wherex(·) lies in the interval [−1,1] and where, for completeness, we have explicitly defined
it as a transformation of the bids under consideration. Here,Tk(·) denotes thekth Chebyshev
polynomial of the first kind and the vectorαn collects the polynomial coefficients for biddern.
Thus,

T0(x) = 1

T1(x) = x

Tk+1(x) = 2xTk(x) − Tk−1(x) k = 1,2, . . . ,K − 1.

Instead of using equi-spaced points like Bajari, Hubbard and Paarsch used the Chebyshev nodes
on the interval [−1,1], which are

xt = cos

(

2t− 1
2T
π

)

, t = 1, . . . ,T.

The points{st}
T
t=1 are found using the following transformation:

xt ≡ x(st; s)=
2st − v− s

s− v
,

8Judd[18] has advocated using Chebyshev polynomials, which are orthogonal with respect to theL2 norm, the basis
of the nonlinear least squares objective.
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or

st =
s+ v+ (s− v)xt

2
,

which maps thests from the Chebyshev nodes. The Chebyshev nodes have the property of
minimizing the maximum interpolation error when approximating a function. As such, they are
often considered the best choice for the approximating grid.

In summary, Hubbard and Paarsch approximated the equilibrium inverse-bid functions by
Chebyshev polynomials and chose the parametersα ands to minimize

HI (s,α) =
N

∑

n=1

T
∑

t=1

[

left-handside of (1) for biddern at grid pointt
]2 (6)

subject to constraints that Conditions 1a and 1b are satisfied and that the approximated solutions
are all monotonic for each bidder.

In going forward, we maintain the spirit of the approach taken by Hubbard and Paarsch,
but incorporate Properties 2a and 2b as well. In doing so, for each bidder, four constraints
are imposed on the equilibrium inverse-bid functions, which are approximated by Chebyshev
polynomials of degreeK. The unknown parameters are chosen to minimize (6) subject to the
constraints described by Conditions 1a and 1b as well as Properties 2a and 2b. We employ this
approach in deriving the observations that follow.

As mentioned above, four conditions apply to each bidder. Thus, there are 4N conditions
or constraints in total andT N points that enter the objective function. By comparison, there
areN(K + 1) + 1 parameters to be estimated—the parameters inα plus s. For the number of
conditions(boundary and first-order together) to equal the number of unknowns

N(T + 4) = N(K + 1)+ 1

or

(T + 4) = (K + 1)+
1
N
. (7)

Sinceat auctions,N weakly exceeds two, andT andK are integers, this equality cannot hold for
any (T,K) choice.

We believe our approach is related to the spectral methods used to solve partial differential
equations; for more on these methods, see Gottlieb and Orszag [12]. Related to the spectral
family of methods is a family referred to ascollocationmethods. Under collocation methods,
it is assumed that the solution can be represented by a candidate approximation, typically a
polynomial; a solution is selected that solves the system exactly at a set of points over the interval
of interest; such points are referred to as thecollocation points. Because equality (7) cannot
hold, collocation is infeasible in this case, but the MPEC-based approach can be thought of as an
hybrid between collocation and least-squares as some constraints are explicitly imposed, leading
to a constrained nonlinear optimization problem. It will be impossible to make all residual terms
equal to zero. In other words, the fit is necessarily imperfect in a quantitative sense. The main
point in this section is that there may be qualitative inadequacies as well. When comparing the
N(K+1)+1 parameters with the 4N conditions, note that, ifK equals three and all the conditions
are satisfied, then only one degree of freedom remains.

In order to compare the equilibrium inverse-bid functions of biddersm andn, define

Dn,m(s)= ϕ̂n(s)− ϕ̂m(s)
9



and

Dr
n,m(s)=

ϕ̂n(s)− ϕ̂m(s)
(s− v)2

.

NotethatDr
n,m is a measure of the difference between equilibrium inverse-bid functions in rela-

tion to the size of the bids.

Example 1: Assume thatN is two, that [v, v] are [0,1] and thatf1(v) exceedsf2(v). The ordering
of the probability density functions atv implies that bidder 1 is “strong at the top” when compared
to bidder 2. That is,F1 dominatesF2 nearv in the sense of both first-order stochastic dominance
andreversed hazard-rate dominance. Assume that a third-order polynomial is used to approxi-
mate each equilibrium inverse-bid function, soK is three. Solving the 4N or eight conditions for
the eight coefficients inα, while allowings to vary, yields the following conclusion:

D1,2(s)= ϕ̂1(s)− ϕ̂2(s)=

[

f1(1)− f2(1)
f1(1) f2(1)

] [

s2(s− s)

s2(1− s)

]

.

Recallv exceedss, so regardless of the exact value ofs, [ϕ̂1(s)− ϕ̂2(s)] is proportional tos2(s− s)
which,in turn, is strictly positive for alls ∈ (0, s). Thus, ˆϕ1(s) must exceed ˆϕ2(s) for all s ∈ (0, s),
orσ1(v) is strictly less thanσ2(v) for all v ∈ (0,1). This conclusion restsonlyon the assumption
that f1(1) exceedsf2(1). In this example,

Dr
1,2(s)=

[

f1(1)− f2(1)
f1(1) f2(1)

] [

s− s

s2(1− s)

]

.

Kirkegaard [20] showed that ifF1(v) crossesF2(v), then theory predicts that the equilibrium
bid functions must cross as well. Yet, whenK is three, such a crossing cannot obtain for these
approximate equilibrium-bid functions.�

WhenK is four or more, then, for a givens, there are more parameters than we have con-
ditions,so it is impossible to get “closed-form” expressions for these absolute and relative dif-
ferences, respectively: too many degrees of freedom exist. While the analytic differences cannot
be derived explicitly for higher order polynomials, Example1 illustrates a general phenomenon,
described in the following Proposition which describes some qualitative features ofDn,m(s) for
higherK.

Proposition 1. Assume (i) fn(v) ∈ R++ and (ii) ϕn(s) is a polynomial of order K, K≥ 3, with
real coefficients that satisfy Conditions 1a and 1b as well as Properties 2a and 2b, for all n=

1,2, . . . ,N. If fn(v) , fm(v), thenϕn(s) andϕm(s) cross at most(K − 3) times on(v, s), m,n =
1,2, . . . ,N.

Proof. See the Appendix.
To be clear, Proposition 1 does not state that the third algorithmof Bajari [2] will produce

at most (K − 3) interior crossings of the approximate equilibrium-bid functions: Bajari does not
impose Conditions 1a and 1b as well as Properties 2a and 2b. However, as mentioned, if the esti-
mates are “good,” then they should “come close” to satisfying the conditions. Proposition 1 does,
however, imply that a limited number of ways exist in which equilibrium inverse-bid functions
approximated by polynomials can interact under Conditions 1a and 1b as well as Properties 2a
and 2b. Proposition 2, below, contains a complementary result.
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Figure 1:F1(v) andF2(v) for Example2

Proposition 2. Under Condition 1a and Property 2b, Dr
n,m is a polynomial of order(K − 2).9

Proof. From the proof of Proposition 1, Condition 1a and Property 2b imply thatDn,m can be
written

Dn,m(s)=
K

∑

k=2

(γn,k − γm,k)(s− v)k,

which implies Proposition 2.
When K is three, then Proposition 2 implies thatDr

n,m is linear. If K is four, thenDr
n,m is

a quadratic. Adding Condition 1b implies thatDr
n,m(s) equals zero, while adding Property 2a

determinesdDr
n,m(s)/ds. Thus, whenK is small, if Conditions 1a and 1b as well as Properties

2a and 2b are imposed, then the relationships among the approximate equilibrium inverse-bid
functions are almost predetermined. Above, in Example1, Dr

n,m is completely determined bys
whenK is three.

We now introduce a specific pair of cumulative distribution functionsF1(·) andF2(·) which
are plotted in figure 1, and pursue a more quantitative analysis than in Example1.

Example2: Assume thatN is two and that [v, v] are [0,1]. Here,F1(·) is a standard uniform distri-
bution, whileF2(·) is a cumulative distribution fuction constructed using piecewise polynomials
so that the function is monotonic, hasF2(0) equal zero, and hasF2(1) equal one. Furthermore,
d2F2(v)/dv2 is continuous, which means that df2(v)/dv exists. This latter property is unneces-
sary under this approach; we require only that the probability density functions be continuous,

9If only Condition 1a is imposed, then the function [Dn,m(s)/(s− v)] is a polynomial of order (K − 1).
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strictly positive, and finite everywhere. Finally,F2 has been constructed so thatF1 is a mean-
preserving spread overF2; the common mean is 0.5. In figure 2, we plot the absolute differences
in the approximate equilibrium inverse-bid functionsD̂1,2(s) when the order of the approximating
polynomialsK increases from three to five to twenty-five.10

We denote bysK the approximated high bid in the case when an orderK polynomialis used to
approximate the equilibrium inverse-bid functions. WhenK equals three, the absolute difference
in the approximate equilibrium inverse-bid functions and the theoretical absolute difference co-
incide exactly. We do not plot the theoretical difference, but the two are indistinguishable. Note
that, whenK equals three,D1,2(s) is maximized at23 s, which we identify in figure 2. Note, too,
that the difference does not cross zero in the interior of (0,s3), which implies that the approx-
imateequilibrium-bid functions do not cross. As the order of the approximating polynomials

10As mentioned in the introduction, we used the modelling language AMPL (which is described in detail in Fourer
et al. [9]) to calculate the coefficients of our approximating polynomials. For most of our work, we used the solver
SNOPT 7.2-8, but we also checked to see whether the results were sensitive to the solver used; for example, we used
the solverKNITRO 6.0.0 as well. While there are always some differences in solutions across solvers, we did not find
these to be important. To get an initial guess for the high-bid parametersK , we used the third-order approximation first
because, in that case,s3 is the only free parameter. For the parameters of subsequent, higher-order polynomials, we
used the previous convergent estimates as starting values, and set the highest-order coefficient to zero; this is reasonable
because the Chebyshev polynomials are orthogonal polynomials. The important point to note is that, in practice, the
absolute value (or square) of the approximated coefficients decays quickly to zero asK increases; for example, often, if
the estimated coefficient on the first-order polynomial is 0.5, then the next will be around 0.05, the next 0.005, and so
forth. The approximations for a given degreeK take less than one second to solve and the objective (6) is decreasing
in K. In practice, a researcher can select aK which satisfies the theoretical predictions we describe in the next section
and meets some error tolerance criterion—for example, the objective (6) for our degree 25 approximation is below 10−6.
While all of our work was done in theL2 norm, one could carry out the work in theL1 norm as well. This is discussed
in some detail in Hubbard and Paarsch [16] as well as in Hubbard et al. [17].
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increases to five, a crossing obtains: the approximate equilibrium-bidfunctions cross in the in-
terior of (0,s5) which is shown by the absolute difference crossing the zero line once. Finally,
in the twenty-fifth order case, the absolute difference in the approximate equilibrium inverse-bid
functions equals zero twice in the interior of (0,s25), meaning that the approximate equilibrium-
bid functions cross one another twice. Note, too, that the value of the high bidsK changes as
the order of the approximations change. For low values ofK, sK exceeds the common mean
of the two distributions (which is 0.5). However, the opposite holds for large values ofK. Us-
ing a different approximation technique, Fibich and Gavish [6] provided an example in which
it is also the case thats falls below the common mean. This observation is also consistent with
Gavious and Minchuk [10] who noted that if both bidders’ distributions are “almost” uniform,
small asymmetries between them will tend to suppresss. In comparison, if the two bidders are
symmetric,then it is well known thats will equal the mean of the distribution.�

Notethat the differenceD1,2(s), which we were able to characterize explicitly in the case ofK
equal three, is most definitelynot the true difference between the equilibrium bid functions. It is
derived from the constraints and requires knowledge only off1(v) and f2(v), so it cannot possibly
describethe true differences in the equilibrium bid functions. This is precisely our point: with too
few degrees of freedom, the approximations are essentially predetermined. Thus, the absolute
difference in the approximations whenK equals three will look like the analytic expression we
derived for this example. One criticism of the polynomial approach is that it works well, if the
practitioner has a good initial guess.11 When K equals three, the researcher obtains an initial
guess that already satisfies some theoretical properties at essentially no cost because there is
only one free parameter,s.

While our results thus far illustrate why polynomials of too low an order may result in poor
approximations, we have yet to show how to evaluate whether an approximation is sufficiently
“good”—i.e., consistent with theory. In the next section, we discuss the theoretical predictions
that can be made when the cumulative distribution functions of valuations cross.12 Armed with
such predictions, it is possible to assess better the accuracy of approximate equilibrium-bid func-
tions.

3. Theoretical Predictions and a Test

To begin, let

Pn,m(v) =
Fm(v)
Fn(v)

, v ∈ (v, v]

measurebiddern’s strength (power) relative to biddermat a given valuev. The larger isPn,m, the
stronger biddern when compared to biddermat that value. For example, ifPn,m(v) exceeds one,

11The most common alternative solution technique involves using the shooting methods described above. Shooting
methods work well, but they too require a good initial guess (fors) if they are to be at all competitive (in terms of
computationspeed) with the polynomial approach. Nonetheless, the initial guess is relatively more important under the
polynomial approach which involves more parameters. For a comparison of computational strategies used to solve for
equilibria in models of asymmetric first-price auctions, see Hubbard and Paarsch [16].

12If they do not cross, then one distribution dominates the other in the first-order stochastic sense, and the results
described in the introduction may provide some guidance.
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thenFn(v) is less thanFm(v). Similarly, defineUn(v) as biddern’s equilibrium expected pay-off
(profit) at an auction if his value isv, and let

Rn,m(v) =
Un(v)
Um(v)

, v ∈ [v, v]

denotebiddern’s equilibrium pay-offrelative to bidderm’s equilibrium pay-offat a given value.
Note thatPn,m(v) is exogenous, whileRn,m(v) is endogenous.

Kirkegaard [20] demonstrated that the two ratios can be used to make predictions concerning
the properties ofσn(v) andσm(v) or, equivalently,ϕn(s) andϕm(s). At v equalv, the two bids
coincideand so too do the two ratios, orσn(v) equalsσm(v) andRn,m(v) equalsPn,m(v), which is
one.In fact, comparing the two ratios at anyv ∈ (v, v] is equivalent to comparing the equilibrium
bidsatv, or

Rn,m(v) T Pn,m(v)⇐⇒ σn(v) T σm(v), for v ∈ (v, v]. (8)

Moreover, it turns out that the motion ofRn,m, which is endogenous, is determined by how it
compares toPn,m, which is exogenous. Specifically,

R′n,m(v) T 0⇐⇒ Rn,m(v) T Pn,m(v), for v ∈ (v, v]. (9)

Coupledwith the condition that
Rn,m(v) = Pn,m(v) = 1, (10)

(9) allows one to make a number of predictions.
In figures 3.a and 3.b, we depict (8) and (9). In this example,Fn and Fm cross twice in

the interior, soPn,m equals one twice in the interior. The boundary condition in (10) and the
relationship in (9) imply thatRn,m andPn,m must cross exactly twice in the interior. Therefore,
by (8), the equilibrium bid functions must crossexactlytwice in the interior. Note, too, that if
the assumptions in Property 2b are satisfied, then by l’Hôpital’s rule

lim
v→v

Rn,m(v) =
fm(v)

fn(v)
= lim

v→v
Pn,m(v). (11)

Thus,simply by plottingPn,m, it is often possible to predict qualitative behaviour with great
accuracy. The example in figures 3.a and 3.b satisfies thediminishing wave property. What does
this mean? Well, first, the extrema ofPn,m(v)—including limv→v Pn,m(v)—alternate between be-
ing above and below one; second, the extrema that are above one get closer to one asv increases;
and, third, the extrema that are below one also get closer one asv increases; see Kirkegaard [20]
for a formal definition. In this case, the exact number of times equilibrium bid functions cross
can be identified, as in figure 3.a. The number of crossings betweenRn,m andPn,m in the interior
is identical to the number of interior stationary points ofPn,m. When the diminishing wave prop-
erty is not satisfied, the number of interior stationary points, instead, provides an upper bound on
the number of times equilibrium bid functions can cross in the interior.

If approximate equilibrium-bid functions do not cross the theoretically-predicted number of
times, then these approximations are clearly suspect.13 However, even when the approximate

13Notethat these methods can be applied to approximations derived using shooting methods, the fixed-point or Newton
iterations of Fibich and Gavish [6], or any other method of approximating the equilibrium in a model of an asymmetric
first-price auction.
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equilibrium-bid functions are consistent with theoretical predictions,the theoretical relationship
betweenRn,m and Pn,m suggests a visual test of the accuracy of approximate equilibrium-bid
functions. Based on the approximate equilibrium-bid functions, denoted ˆσn, the ratio of expected
pay-offs can be computed. Denote the estimated ratio byR̂n,m. If Pn,m andR̂n,m are plotted in the
same figure, then they should interact in a manner consistent with (9), as illustrated in figure 3.b.
The steepness of̂Rn,m at a point of intersection withPn,m and the location of the intersections can
be used to eliminate inaccurate solutions.

1. Slope: At any point wherePn,m and R̂n,m intersect (i.e., where ˆσn equalsσ̂m), the latter
should beflat, have a derivative that equals zero. IfR̂n,m is steep at such a point, then this is
an indication that the approximate equilibrium-bid function is inaccurate as the first-order
conditions are not close to being satisfied. Note, too, that this is true any time bids coincide
(for anyv > v, includingv).

2. Location: The location of the intersections ofPn,m andR̂n,m must also be consistent with
theory. In particular,Pn,m andRn,m can crossat mostonce between any two peaks ofPn,m;
with diminishing waves, theymustcross between any two peaks (not countingv equalsv).
In figure 3.b, for example,Pn,m andRn,m must cross once to the left of the point wherePn,m

is minimized, and once between the two interior stationary points.

Example2 (continued): Above, we demonstrated that the third-order polynomial approximations
were poor by appealing to the absolute difference in the approximate equilibrium-bid functions.
Now consider plotting the exogenous ratioP2,1 and the approximate endogenous ratioR̂2,1 for
these distributions. In figure 4.a, we depict the two ratios when polynomials of order five are
used to approximate the equilibrium inverse-bid functions. First, note that this example does
not satisfy the diminishing wave property as both limv→v P2,1(v) and the first interior stationary
pointof P2,1 are greater than one. Because the diminishing wave property is not satisfied, we can
only use theory to bound the number of times the equilibrium bid functions should cross: ifP2,1

does not get closer to one asv increases, then the equilibrium bid functions can cross at most
twice. (Remember that they have to cross at least once because the cumulative distributions cross
once.) The fifth-order approximations are an improvement over the third-order approximations
in the sense that the approximate equilibrium-bid functions at least cross; the relationship in (8)
implies this sinceR̂2,1 equalsP2,1 once overv ∈ (v, v). However, we can use the slope property
formalizedabove to demonstrate why this approximation is insufficient. Specifically, note that
R̂2,1 is not at a stationary point when it intersectsP2,1. This observation is a corollary of the more
general property that̂R2,1 should be decreasing (increasing) when it is below (above)P2,1. It is
clear that this is violated for the fifth-order approximations asR̂2,1 peaks aroundv equal to 0.2 in
figure 4.a.

In contrast, we depict in figure 4.b the exogenous and endogenous ratios for the twenty-fifth
order approximations, which are consistent with all of the theoretical properties.R̂2,1 intersects
P2,1 twice in the interior and, at each crossing, the slope of the endogenous ratio is zero. Further-
more, the locations of the crossings are appropriate:R̂2,1 intersects once betweenv and the first
interior stationary point and once between the two interior extrema. Equation (10) specifies that
both ratios take a value of one atv. Thus, becausêR2,1 must be increasing when it exceedsP2,1,
asv approaches the high valuationv, R̂2,1 should be bounded betweenP2,1 and one, as it is in
figure 4.b. In short,̂R2,1 is horizontal atv. While this convergence obtains in figure 4.a as well,
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Figure4: P2,1(v) andR̂2,1(v) for Example 2
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R̂2,1 approachesat a much steeper angle and we know from our slope property thatR̂2,1 should
be flat when it intersectsPn,m, as in figure 4.b. �

While Example2 has allowed us to investigate polynomial approximations of the equilibrium
inverse-bid functions when the diminishing wave property is not satisfied, theory provides precise
predictions concerning the number of crossings when the diminishing wave property is satisfied.
In the next example, we consider a situation in which the diminishing wave property is satisfied
and the cumulative distribution functions cross twice.

Example 3: Assume thatN is two and that [v, v] are [0,1]. Here, F1(·) is again a standard
uniform distribution, whileF2(·) is a cumulative distribution function (different from that used
in Example 2) constructed using piecewise polynomials such that the function is monotonic, has
F2(0) equal zero, and hasF2(1) equal one. Furthermore, d2F2(v)/dv2 is continuous, which means
that df2(v)/dv exists. As mentioned above, this is not required for our approach—we require
only that the probability density functions be continuous, strictly positive, and finite everywhere,
which they are. We plot the cumulative distribution functions in figure 5.a. In figure 5.b, we
depict P2,1, the ratio of the cumulative distribution functions; note that the diminishing wave
property is satisfied in this example.

When the equilibrium inverse-bid functions are approximated by third-order or fourth-order
polynomials, the approximate equilibrium-bid functions do not cross, suggesting that serious
inadequacies exist with the approximations: for these cases,R̂2,1 is everywhere belowP2,1, but
not monotonic. However, the fifth-order approximations cross twice, the exact number of times
predicted by theory. In figure 6.a, we depict the exogenous and endogenous ratios in the case
when the equilibrium inverse-bid functions are approximated by polynomials of order five. We
restrict the figure to the intervalv ∈ [0.2,1] so that the crossings can be seen clearly.14 While the
number of crossings is correct, the slope property described above is again violated becauseR̂2,1

is not flat when it intersectsP2,1; the location property is nearly violated as well. Note, too, that
both intersections are close to lying between the interior stationary points ofP2,1. In figure 6.b,
we depict the ratios for the case when the equilibrium inverse-bid functions are approximated by
polynomials of order twenty-five. These approximations are consistent with all of our theoretical
checks. By comparing figure 6.a with figure 6.b, we note that the location of the crossings are
clearly different—the twenty-fifth order approximations cross at lower values ofv relative to the
fifth-order approximations.�

It is also interesting to note that if the diminishing wave property were satisfied, then the
number of timesPn,m andRn,m (orσm andσn) cross would beindependentof either the number of
rival bidders they face or which cumulative distribution functions characterize these opponents,
provided their supports are the same. That is, theory tells us that only pairwise comparisons
between bidders are required. Thus, if bidders were to draw valuations from three (or more)
different distributions (soF1, F2, andF3), then our insights could be used to compare pairs of
bidders—class 1 versus class 2, class 1 versus class 3, and class 2 versus class 3. To wit, all that
matters is the relationship between pairs of distribution functions.

14Over the intervalv ∈ [0,0.2] bothR̂2,1 andP2,1 increase asv decreases. In fact,̂R2,1 converges toP2,1 asv → v
which is expected. Given that, by assumption, the equilibrium inverse-bid functions can be represented by a series
of polynomials, the conditions for Property 2b hold and the relationship in (11) should obtain. In this example,R̂2,1
converges toP2,1 from below as the first interior stationary point obtains below one, whereas in Example2, R̂2,1 converged
to P2,1 from above as the first interior stationary point obtained above one.
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4. Some Simulation Results

While much of our research has provided qualitative predictions, we also undertook a simu-
lation study to investigate the quantitative importance of using good approximations. Several of
the results we have found are interesting in their own right. For instance, we have found that an
existing result dating back to Vickrey [32] is not robust. Thus, numerical methods may prove a
useful starting point in providing directions of future theoretical research.

In our simulation experiments, we generated information concerning one trillion auctions.
Specifically, we generated pairs of independent uniform random draws which represented the
cumulative distribution functions of the two players. We then inverted the respective cumulative
distribution functions introduced above in Example2 and Example3 at these uniform draws to
obtain the respective valuation draws. We conducted the auctions, first assuming a first-price
rule, where we varied the order of the polynomials used to approximate the equilibrium inverse-
bid functions, and then mapped the random valuations into random bids, and also assuming a
second-price rule. (Within the independent private-values paradigm, at second-price auctions,
each player has a dominant strategy to bid his valuation.)

In table 1, we present some statistics of interest which summarize the simulation study.
Specifically, we computed expected revenues under the different pricing rules as well as with
different orders of approximating polynomials, the number of auctions that involved inefficient
allocations, the number of times each bidder won the auction, as well as a measure of theex ante
equilibrium expected pay-offfor biddern for a given approximation. We computed theex ante
equilibrium expected pay-offusing the following formula:

E[U FP
n (V)] =

∫ v

v
[v − ϕ̂−1

n (v)]Fm

(

ϕ̂m[ϕ̂−1
n (v)]

)

fn(v) dv

whereϕ̂n(·) corresponds to playern’s approximated equilibrium inverse-bid function.
We divide our discussion of the simulation results into three parts; expected revenues garned

by the seller, inefficient allocations among buyers, and theex anteequilibrium expected pay-offs
of bidders.

Consider first expected revenues to the seller in Example2. It is interesting to compare
expected revenues across pricing rules. A second-price auction yields an expected revenue of
0.3445. Note, too, from the entries in table 1 that, when the polynomial is of a low degree, the
first-price auction appears more profitable, on average. On the other hand, when polynomials
of higher order are used, the results are exactly the opposite.15 In summary, while expected
revenues change only a bit quantitatively asK increases, in terms of expected-revenue ranking,
the qualitative predictions are sensitive to changes inK.

Now, Vickrey [32] was able, analytically, to derive equilibrium strategies and expected rev-
enues whenF1 is the uniform distribution andF2 is degenerate. In this case, a first-price auction
is more profitable, on average, than a second-price one, providedF2 has all of its mass located
at a point greater than 0.43. In particular,F1 can be viewed as a mean-preserving spread overF2

where the latter has all of its mass concentrated at 0.5. In table 2, we summarize some properties
of this model (based on Vickrey’s analysis, not simulations), as a counterpart to Table 1. Recall
that, in our Example2, F1 is also uniform and a mean-preserving spread overF2. However, in

15Incidentally, the same pattern emerges in Example3, where expected revenue is 0.3399 at second-price auctions.
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Table 1: Results of Simulation Study with One Trillion Auctions
Order of Expected Proportion of Prop. Wins Prop. Wins
ϕ̂n Revenue Inefficiencies Player 1 Player 2 E(U1) E(U2)

Example 2

K = 3 0.3563 0.0193 0.4807 0.5193 0.1553 0.1436
K = 4 0.3473 0.0223 0.5209 0.4791 0.1645 0.1434
K = 5 0.3458 0.0227 0.5089 0.4911 0.1634 0.1459
K = 10 0.3431 0.0337 0.5028 0.4972 0.1635 0.1481
K = 15 0.3432 0.0338 0.5027 0.4973 0.1634 0.1481
K = 20 0.3432 0.0338 0.5026 0.4974 0.1634 0.1481
K = 25 0.3432 0.0338 0.5026 0.4974 0.1634 0.1481
K = 30 0.3432 0.0338 0.5026 0.4974 0.1634 0.1481
SPA 0.3445 0.0000 0.5000 0.5000 0.1555 0.1555

Example 3

K = 3 0.3475 0.0721 0.5491 0.4509 0.1568 0.1568
K = 4 0.3452 0.0670 0.5287 0.4713 0.1584 0.1613
K = 5 0.3364 0.0557 0.5041 0.4959 0.1605 0.1678
K = 10 0.3334 0.0704 0.4964 0.5036 0.1632 0.1699
K = 15 0.3330 0.0719 0.4947 0.5053 0.1634 0.1702
K = 20 0.3328 0.0725 0.4944 0.5056 0.1635 0.1703
K = 25 0.3328 0.0726 0.4943 0.5057 0.1635 0.1703
K = 30 0.3328 0.0726 0.4943 0.5057 0.1635 0.1703
SPA 0.3399 0.0000 0.4867 0.5133 0.1601 0.1733

Table 2: Vickrey’s Example withF1 a Mean-Preserving Spread overF2

Pricing Expected Probability Probability
Rule Revenue Player 1 Wins Player 2 Wins E(U1) E(U2)

First-Price 0.3833 0.5625 0.4375 0.1677 0.0625
Second-Price 0.3750 0.5000 0.5000 0.1250 0.1250

Example 2, for largeK, we found that the second-price auction garners more revenue, on aver-
age, for the seller than the first-price auction. In this sense, Vickrey’s result is not robust. While
most expected-revenue comparisons in the literature concern distributions that can be ordered
according to first-order stochastic dominance, Example2 illustrates that relaxing this assumption
may prove interesting.

Fibich et al. [8] and Hubbard et al. [17] used perturbation analysis to examine auctions with
“small” asymmetries and concluded that small departures from symmetry have the same first-
order effect on revenue in both the first-price auction and the second-price auction. Gavious
and Minchuk [10] then considered second-order effects. In their model, bidders’ distributions
were derived by slightly perturbing a uniform distribution. Although their examples all involve
first-order stochastic dominance, the theory they developed does not require this. Consider, for
example, an environment where

F1(v) = v+ εv(1− v)

(

1
2
− v

)

and

F2(v) = v− εv(1− v)

(

1
2
− v

)

,
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where the weakly-positiveε is “small.” In this case,F1(v) is a mean-preserving spread overF2(v)
wheneverε is strictly positive and bidders are symmetric ifε equals zero—in which case the
Revenue Equivalence Proposition applies. Theorem 2 in Gavious and Minchuk [10], however,
can be applied to show that a small increase inε, starting atε equal to zero, leads the second-price
auction to become more profitable than the first-price auction. Thus, this theoretical example is
consistent with the findings for Example2 of our simulation study.

Now consider inefficiencies. In both Example2 and Example3, the larger isK the larger is
the quantitative effect on the efficiency properties of the first-price auction. Starting from aK of
four (so dismissing aK of three as pathological, based on the analysis presented in Example1),
the number of inefficiencies increases by fifty percent in Example2 asK grows to thirty. Note,
too, that the number of inefficiencies is non-monotonic inK in Example 3. Likewise, in Example
3, smallK also leads to incorrect predictions regarding which bidder is more likely to win the
first-price auction.

Our examples also reveal some new insights into theex anteequilibrium expected pay-offs
of bidders and, hence, the preferences of bidders over the two pricing rules. Denote byµn the
mean ofFn, n = 1,2, and letm , n denote biddern’s opponent. Biddern’s ex anteexpected
pay-offat a second-price auction is

E[U SP
n (V)] =

∫ v

v

∫ v

v
(v− u) fm(u) du fn(v) dv

Now, by Leibniz’s rule,

d
dv

∫ v

v
(v− u) fm(u) du = (v− v) fm(v)+

∫ v

v
fm(u) du= Fm(v).

Also, using integration-by-parts, we have

E[U SP
n (V)] =

∫ v

v













∫ v

v
(v− u) fm(u) du













fn(v) dv

=

[

Fn(v)
∫ v

v
(v− u) fm(u) du

]v

v

−

∫ v

v
Fn(v)Fm(v) dv

= Fn(v)

[ ∫ v

v
(v− u) fm(u) du

]

−

∫ v

v
Fn(v)Fm(v) dv

= v− µm −

∫ v

v
Fn(v)Fm(v) dv.

Hence,
E(USP

n ) − E(USP
m ) = µm − µn. (12)

Thus, in Example2, at a second-price auction, in expectation, both bidders are equally well-
off. From table 1, it is interesting to note thatE[U FP

1 ] exceedsE[U FP
2 ]. Example 2 can easily

be perturbed, by slightly increasingµ2, to generate a new example whereE[U SP
1 ] is less than

E[U SP
2 ], but whereE[U FP

1 ] still exceedsE[U FP
2 ]. Of course, the same argument also applies to

Vickrey’s example of table 2. Nevertheless, we believe we are the first to point out that there
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are environments in which the two standard auctions favour differentbidders, in the sense that
different bidders win.16

Continuing with expected utility, note that, in Example2,E(UFP
1 )+E(UFP

2 ) exceedsE(USP
1 )+

E(USP
2 ). That is, collectively, the bidders prefer the first-price auction, while the seller prefers

the second-price auction. Since the latter pricing rule is efficient, the “total pie” is larger, but
this benefits the seller, not the bidders. In contrast, in Vickrey’s example of table 2, bidders
collectively prefer the second-price auction to the first-price auction, while the opposite holds
for the seller.

A final observation pertains to the probabilities of winning for each bidder. WhenF1 is the
uniform distribution, bidder 2’sex anteprobability of winning a second price auction is

∫ 1

0
F1(v) f2(v) dv=

∫ 1

0
v f2(v) dv= µ2.

In Example 2, bothµ1 andµ2 equal one-half, so the two bidders areex anteequally likely to win
the auction.17 Changing the pricing rule barely changes the probabilities of winning. However,
although bidder 1’s probability of winning is only about one percent greater than bidder 2’s win-
ning probability,E(UFP

1 ) is about ten percent greater thanE(UFP
2 ). Thus, theex anteprobabilities

of winning may not be a particularly good indication of the distribution of pay-offs among bid-
ders. Indeed, it is tempting to speculate that in some environments the bidder who wins more
often may be worse off, at leastex ante.

5. Summary and Conclusions

In a model of a first-price auction, if the draws of potential bidders are independent, but
from different distributions, then a Lipschitz condition at the lower boundv is not satisfied by
the system of differential equations that characterizes the equilibrium bid functions. In order
to appeal to classical results concerning existence and uniqueness of a solution, the Lipschitz
condition must hold; in order to apply many standard methods to solve the system of equations,
it is convenient for the Lipschitz condition to hold. When the Lipschitz condition does not
hold, solutions can typically only be calculated numerically. Thus, analyzing asymmetric first-
price auctions is challenging—for theorists as well as for those who employ numerical methods
to gain insight. Perhaps this is why numerical analysis can suggest directions for theoretical
work; for example, Cantillon [4] “rationalized” many of the results discovered by Marshall et al.
[25]. Theoretical work is also useful in informing numerical analysis; for example, our work
uses many of the results of Kirkegaard [20]. Certainly, this interdependence will continue as
researchers push the boundaries of understanding behaviour at asymmetric first-price auctions
forward in both strands of the literature.
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A. Appendix

Proof of Proposition 1. It is convenient to rewrite (2) as

ϕ̂n(s)=
K

∑

k=0

γn,k(s− v)k, s ∈ [v, s], (13)

whichcan be obtained by expanding the terms under the summation in (2), collecting terms with
like exponents, and defining the appropriate coefficients. Note thatγn,k implicitly depends ons.

Now, compare the equilibrium bid functions of two biddersn andm,n , m,

Dn,m(s)≡ ϕ̂n(s)− ϕ̂m(s)=
K

∑

k=0

(γn,k − γm,k)(s− v)k. (14)

Condition1a impliesDn,m(v) is zero, soγn,0 mustequalγm,0. Likewise, Property 2b implies
D′n,m(v) is also zero, soγn,1 mustalso equalγm,1.18 Hence,

D′n,m(s)=
K

∑

k=2

(γn,k − γm,k)k(s− v)k−1

= (s− v) ×
K

∑

k=2

(γn,k − γm,k)k(s− v)k−2.

The second term forms a polynomial of degree (K − 2), which has (K − 1) terms and whose
coefficients can change signs at most (K − 2) times. Therefore, by Descartes’ rule of signs, the
polynomial has at most (K − 2) roots for (strictly) positive values of (s− v). In other words,
Dn,m hasat most (K − 2) stationary points on (v, s]. By assumption (Property 2b) it also has a
stationarypoint atv. Recall, too, thatDn,m(v) equals zero as doesDn,m(s). Armed with these
observations, the Proposition can now be proven.

The assumption thatfm(v) does not equalfm(v) in combination with Property 2a imply that
thetwo bidders use different strategies near the top. Thus, it can be ruled out that equilibrium bid
functions coincide everywhere:Dn,m(s) cannot equal zero everywhere. Therefore, by Descartes’
rule of signs,Dn,m has a finite number of roots; there can be no non-degenerate interval on which
Dn,m is zero. LetQ denote the total number of roots on (v, s), and lets(q) denote theqth root, with
v < s(1) < s(2) < . . . < s(Q) < s if Q exceeds zero. SinceDn,m(v) equals zero as doesD′n,m(v),
Dn,m(s) cannotequal zero on the interval (v, v+ ε). In order forDn,m(s(1)) to equal zero,D′n,m(s)
equals zero for somes ∈ (v, s(1)). That is, one of the at most (K − 2) interior stationary points
is betweenv ands1. Likewise, there must be at least one stationary point betweens(1) ands(2),

18Thus, the formulation in (13) lends itself to easy tests of approximated equilibrium-bid functions as well.
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and so on. Since there are at most (K − 2) interior stationary points, there can be at most (K − 2)
roots on (v, s]. However, since there is a root ats, becauseDn,m(s) equals zero, there can be at
most(K − 3) roots on (v, s).
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[20] Reńe Kirkegaard. Asymmetric first price auctions.Journal of Economic Theory, 144:1617–1635, 2009.
[21] Vijay Krishna. Auction Theory. San Diego: Academic Press, 2002.
[22] Bernard Lebrun. First-price auctions in the asymmetricn bidder case.International Economic Review, 40:125–142,

1999.
[23] Bernard Lebrun. Uniqueness of the equilibrium in first-price auctions.Games and Economic Behavior, 55:131–

151, 2006.
[24] Zhi-Quan Luo, Jong-Shi Pang, and Daniel Ralph.Mathematical Programs with Equilibrium Constraints. Cam-

bridge, England: Cambridge University Press, 1996.
[25] Robert C. Marshall, Michael J. Meurer, Jean-Francois Richard, and Walter R. Stromquist. Numerical analysis of

asymmetric first price auctions.Games and Economic Behavior, 7:193–220, 1994.
[26] Eric S. Maskin and John G. Riley. Asymmetric auctions.Review of Economics Studies, 67:413–438, 2000.
[27] Harry J. Paarsch and Han Hong.An Introduction to Structural Econometrics of Auctions. Cambridge, MA: MIT

Press, 2006.

26



[28] Michael Plum. Characterization and computation of Nash-equilibriafor auctions with incomplete information.
International Journal of Game Theory, 20:393–418, 1992.

[29] Viplav Saini. Endogenous asymmetry in a dynamic procurement auction, typescript, Department of Economics,
Oberlin College, 2009.

[30] Viplav Saini. Investment incentives in a dynamic procurement auction, typescript, Department of Economics,
Oberlin College, 2010.

[31] Che-Lin Su and Kenneth L. Judd. Constrained optimization approaches to estimation of structural models, type-
script, Booth School of Business, University of Chicago,.

[32] William S. Vickrey. Counterspeculation, auctions, and competitive sealed tenders.Journal of Finance, 16:8–37,
1961.

27


	HKP2011.PDF
	Motivation and Introduction
	Theoretical Model and Numerical Methods
	Some Properties of Equilibrium Bid Functions
	Approximating Bid Functions by Polynomials

	Theoretical Predictions and a Test
	Some Simulation Results
	Summary and Conclusions




